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The inertial navigation system (INS), as a stand-alone system, is 

capable of providing precise vehicle position, velocity, and attitude 

information. In recent years, strapdown inertial navigation systems 

(SINS) have replaced stable platform systems due to their lower cost, 

reduced weight, mechanical simplicity, and superior reliability. 

However, their performance depends heavily on accurate 

initialization, particularly the critical initial attitude. This paper 

presents a novel SINS initial alignment method that reduces the 

number of gyroscopes from three to one and accelerometers from 

three to two, significantly lowering implementation costs while 

maintaining adequate leveling and heading accuracy. The innovative 

approach combines analytical algorithms for coarse alignment and 

enables autonomous north-finding without expensive equipment 

such as high-grade gyrocompasses. Ultimately, the reduction in the 

number of sensors leads to cost optimization and enhanced system 

performance in practical applications. 
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1. INTRODUCTION 

The inertial navigation system (INS) is an 

autonomous and self-contained navigation system 

capable of providing a vehicle’s position, velocity, 

and attitude at a high sampling rate [1]. An INS 

utilizes inertial sensors such as accelerometers and 

gyroscopes to detect the vehicle’s linear and angular 

motion [2], and it operates without relying on 

external information, making it resistant to external 

interference and jamming. Consequently, INS has 

been widely employed for vehicle navigation across 

various applications [3]. With advancements in 

technology, the strapdown inertial navigation 

system (SINS) has replaced stable platform inertial 

navigation systems, and extensive research has been 

conducted in this field [4]. 

In a strapdown INS, navigation states are 

updated through numerical integration; therefore, 

the initial navigation states, including position, 

velocity, and attitude, must be determined [5]. As a 

dead-reckoning system, the navigation state at each 

step depends on that of the previous step, making the 

system’s performance highly dependent on the 

accuracy of the initial state determination [6]. Under 

stationary conditions, the initial position can be 

obtained via a Global Navigation Satellite System 

(GNSS), and the initial velocity can be assumed to 

be zero. Unlike position and velocity, obtaining the 

initial attitude is more challenging; thus, the 

objective of initial alignment is to determine the 

accurate transformation matrix from the body frame 

to the navigation frame [7]. 

Initial alignment depends on various factors, 

including the specifications of the inertial sensors, 

calibration performance, and environmental 

conditions. Additionally, the algorithms implemented 

during this stage significantly influence both the 

accuracy and speed of the alignment process. In 

general, depending on operational requirements, 

initial alignment accuracy is expected to meet a 

specific threshold, and alignment algorithms are 

evaluated based on their ability to meet the desired 

accuracy and speed [8]. 

Various methods exist for initial alignment, 

each suitable for specific conditions. Based on 

vehicle dynamics, there are stationary alignment 

methods and in-motion alignment methods (the 

latter being beyond the scope of this paper). 

Furthermore, alignment methods can be 

categorized as coarse alignment and fine alignment 

depending on the level of attitude error [9]. 

Currently, stationary initial alignment in SINS 

is achieved through two consecutive stages: 

Analytical coarse alignment followed by fine 

alignment using a zero-velocity Kalman filter [10]. 

Coarse alignment provides a rapid initial estimate of 

the vehicle’s attitude, typically through analytical 

methods based on the relationship between the 

Earth’s rotation rate and local gravity as measured 

by the inertial measurement unit (IMU) [11]. This 

process involves three principal vectors: the gravity 

vector, the Earth’s angular velocity vector, and their 

cross product [12-15]. In general, [12–14] proposed 

coarse alignment methods due to their shorter 

computation time compared to fine alignment 

methods, which are filter-based. However, [16] 

introduced a fine alignment method with faster 

convergence than other fine alignment approaches. 

Since fine alignment relies on the coarse alignment 

output for initial estimates, significant errors in 

coarse alignment results can propagate into the fine 

alignment process [17]. 

Other drawbacks of fine alignment include 

error growth when the degree of linearization 

increases, and the lack of substantial improvement 

over the coarse alignment accuracy. In contrast, 

coarse alignment has certain advantages, but it 

assumes ideal conditions such as a completely 

stationary platform and perfect sensors, disregarding 

errors such as misalignment. 

In [18], a novel gyrocompassing method was 

introduced that accounts for error sources such as 

bias, scale factor, and misalignment. In [19], a 

technique for estimating dynamic position using 

low-cost MEMS sensors was presented. However, 

some studies emphasize that in high-precision 

applications such as ballistic missiles and satellite 

launch vehicles, high-grade navigation equipment 

like ring laser gyroscopes (RLG) or fiber-optic 

gyroscopes (FOG) should be employed. 

Nevertheless, given their high cost and the fact that 

such systems are often disposable, their use may be 

impractical in certain applications. 

This study proposes a novel approach that 

reduces the number of gyroscopes from three to one 

and accelerometers from three to two, thereby 

significantly lowering costs while maintaining 

sufficient accuracy in computing leveling and 

heading angles. The method enables 

gyrocompassing without the need for expensive 

high-grade north finder devices. 
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The structure of this paper is as follows: Section 

2 presents the newly proposed algorithm for 

determining leveling angles; Section 3 describes 

three methods for heading angle extraction; Section 

4 discusses the simulation results; and Section 5 

provides the conclusions. 

2. DETERMINATION OF LEVELING 

ANGLES  

This section presents a novel method in which 

two accelerometers, aligned along the x and y axes, 

are used to estimate the leveling (roll and pitch) 

angles. Under stationary ground conditions, the roll 

and pitch angles can be obtained following the 

procedure below. It is known that the acceleration 

measured by the accelerometers in the stationary 

state can be expressed as: 

B B BN N[ ] [ ] [T] [ ]= − = −f g g
 

(1) 

Equation (1) can be expanded as follows:  

(2) 

x

y

z

cos cos sin cos sin 0

cos sin sin sin cos sin sin sin cos cos cos sin 0

cos sin cos sin sin sin sin cos cos sin cos cos g

f

f

f

    

           

           

  −   
     

= − +     
     + − −       

Rewriting Eq. (2) yields: 

x

y

z

sin

g cos sin

cos cos

f

f

f



 

 

   
   

= −   
   −   

 (3) 

From Eq. (3), the roll and pitch angles can be 

obtained as follows: 

y

x

arcsin

gcos arcsin
g

f

f


 
 
 

=  
   −     

     

(4) 

xarcsin
g

f


 
=  

   

(5) 

3. DETERMINATION OF THE 

HEADING (YAW) ANGLE 

The determination of the heading angle is more 

challenging than that of the leveling angles and 

involves more complex computations. Next, by 

rotating the navigation frame (N) by an angle 

which is unknown in this context, we obtain the 

intermediate frame (L). Then, through successive 

rotations by the angles   and  , derived from Eqs. 

(4) and (5), respectively, the transformation matrix 

from the intermediate frame (L) to the body frame 

(B) can be obtained as follows: 

BL

cos 0 sin

[T] sin sin cos cos sin

sin cos sin cos cos

 

    

    

− 
 

=
 
 −   

(6) 

By transforming the angular velocity vectors 

measured by the gyroscopes from the body frame to 

the intermediate frame (L), we obtain the following 

expression: 

BI L BL BI B

EI

x

EI

y

EI

z

[ ] [T] [ ]

ω cos cos cos sin sin sin cos

ω cos sin 0 cos sin

ω sin sin cos sin cos cos

       

    

      

= →

     
     
− = −     
     − −    

ω ω

 (7) 

Expanding Equation (7), we obtain: 

 (8) 
EI

x y zω cos cos cos sin sin sin cos         = + +
 

EI

y zω cos sin cos sin     − = −
 (9) 

EI

x y zω sin sin cos sin cos cos        − = − + +
 (10) 

In Eqs (8), (9), and (10), we observe that there 

are four unknowns: x y z,  ,      and  . To solve 

these equations, one of the unknowns must be 

considered known. Naturally, the heading angle 

cannot be assumed as known since it is precisely 

the parameter we want to calculate. Therefore, the 

number of unknowns must be reduced by 

measuring one of the angular velocities. For this 

purpose, a rate gyro aligned along one of the axes 

can be used. In the following, the use of gyroscopes 

in each of the x, y and z channels will be examined 

separately. 

3.1. Gyroscope Deployment along the x-Axis 

In this case, using Eqs (8), (9), and (10), we 

encounter three algebraic equations with three 

unknowns y , z , and  . This system can be 

rewritten as follows: 
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 (11) 
EI

y z xsin sin sin cos ω cos cos cos         + − = −
 

EI

y zcos sin ω cos sin 0     − + =
 (12) 

EI

y z xcos sin cos cos ω sin sin        + = − +
 (13) 

Assuming 0  , we have from Eq. 12: 

EI

y

z

cos ω cos sin

sin

   




+
=

 

(14) 

Now, by substituting Eq. 14 into Eq. 13, we 

obtain: 

EI

y

EI

x

cos ω cos cos cos sin

sin sin ω sin sin

     

    

+ =

−
 

(15) 

Assuming 0  , we have: 

 
(16) 

EI EI

x
y

sin sin ω sin sin ω cos cos cos sin

cos

        




− −
=  

By substituting Eq. 16 into Eq. 11, we have: 

zEI

2 2
2x

EI

sin cos cos
0.25sin 2 sin 2 sin cos cos

ω cos

(1 sin cos )
tan sin sin

ω cos

  
     



  
  



+ −

−
= +

 

(17) 

This Eq. does not have an explicit analytical 

solution; therefore, the use of a gyroscope on the x-

axis is not recommended. 

3.2. Gyroscope Deployment along the y-Axis 

In this case, Eqs. (8), (9), and (10) contain the 

unknowns x z,     and  . By rewriting Eqs. (8), 

(9), and (10), we obtain: 

 (18) 
EI

x z ycos sin cos ω cos cos sin sin         + − = −  

EI

z ysin ω cos sin cos     − + = −
 (19) 

EI

x z ysin cos cos ω sin cos sin        − + = − −
 (20) 

Assuming 0  , we have from Eq. (18): 

EI

y

z

ω cos sin cos

sin

   




+
=

 
(21) 

By substituting Eq. (21) into Eq. (20), we have: 

EI

x

EI

y

sin sin ω cos cos cos sin

cos ω sin sin

      

   

− + =

− −
 (22) 

Equation (22) can also be written as follows, 

assuming 0  : 
(23) 

EI EI

y

x

ω cos cos cos sin cos ω sin sin

sin sin

       


 

+ +
=  

By substituting Eq. (23) into Eq. (18), we 

obtain: 
(24) 

2
2

zEI

2

y

EI

sin cos sin
cos cos sin sin sin cos

ω cos

(1 sin )
tan sin cos

ω cos

  
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

 
  



− +

− −
= −

 

Similar to the previous case, the above equation 

does not have an explicit analytical solution; 

therefore, the use of a gyroscope on the y-axis is also 

not suitable and is not recommended. 

3.3. Gyroscope Deployment along the z-Axis 

desirable result is achieved by measuring 
z . In 

this case, the unknowns are x y,    , and  . 

Accordingly, Eqs. (8), (9), and (10) can be expressed 

as follows: 
(25) 

EI

x y zcos sin sin ω cos cos sin cos         + − = −
 

EI

y zcos ω cos sin sin     + = +
 (26) 

EI

x y zsin cos sin ω sin cos cos        − + = − −
 (27) 

From Eq. (27), assuming 0  , it can be 

written as: 

EI

y z

x

cos sin ω sin cos cos

sin

      




+ +
=

 
(28) 

By substituting Eq. (28) into Eq. (25), we have: 

EI EI

y zsin ω cos sin cos ω sin cos cos        − = − −
 (29) 

Now, with some simplification and assuming 

0  , Eq. (30) is obtained: 

EI EI

z
y

ω sin cos cos ω cos sin cos

sin

      




− − +
=

 
(30) 
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By substituting Eq. (30) into Eq. (26), we 

obtain: 

EI EI

EI

z

ω cos sin cos cos ω cos sin sin

ω sin cos cos

      

   

+

= +
 

(31) 

Rewriting Eq. (31) yields: 

z

EI

sin sin sin cos cos

tan cos cos
ω cos

    


  



+ =

+
 

(32) 

In Eq. (32), the condition for the existence of a 

solution is as follows: 

2

2 2 2 z

EI
sin sin cos tan cos cos

ω cos


     



 
+  + 

   
(33) 

The value of z is: 

(34) 

𝜔̃𝑧 = (cos𝜓 sin𝜃 cos𝜑 +
sin𝜓 sin𝜑) cos 𝜆𝜔EI − cos𝜃 cos𝜑 sin𝜆 𝜔EI  

Hence, we obtain:  
(35) 

z

EI
tan cos cos

ω cos

(cos sin cos sin sin ) tan cos cos

tan cos cos (cos sin cos sin sin )


  



       
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+ =
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− = +  

By substituting Eq. (35) into Eq. (33), the 

condition for the existence of a solution is simplified 

as: 

2 2 2 2 2

2 2 2 sin sin cos sin cos
sin sin cos

2sin sin cos sin cos

    
  

    

 +
+   

+   
(36) 

Equation (36) can also be rewritten as follows: 

(37) 
2 2 2 2 2sin cos sin cos sin 2sin cos sin cos sin         +   

The obtained equation can be expressed as the 

following identity: 

2(sin cos sin cos sin ) 0    −   (38) 

Therefore, Eq. (32) always has a solution. To 

solve Eq. (32), the following approach is taken: 

z

EI

sin

cos sin

tan cos cos
ω cos

tan

a

b

c

b

a



 


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



=
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(39) 

Subsequently, we obtain: 

1

1 1

2 2

sin( ) cos sin cos

sin tan

c c

a a

c b

aa b

     



−

− −

 
+ = → = − → 

 

   
= −   

 +   

(40) 

It can be observed that the heading angle is 

calculated according to Eq. (40). Since an analytical 

solution for extracting the heading angle has been 

obtained in this section, the use of a gyroscope on 

the z-axis is deemed appropriate. This analytical 

solution prevents errors associated with numerical 

methods and results in higher final accuracy in 

estimating the heading angle. 

4. SIMULATION 

After introducing the new method based on 

three sensors—accelerometers on the x and y axes 

and a gyroscope on the z-axis—it is essential to 

simulate this approach and compare it with 

conventional existing methods to validate the 

equations and verify their accuracy.  

The conventional coarse alignment method, as 

described in reference [2], involves the following 

calculations: 

( ) ( )

g
g ω cos gω cos

( ) ( )
[T]

g
g ω cos gω cos

( ) ( )

g ω cos gω

x y z x y y z z z y y z x
2 EI EI

y x z y x x z z yBN x z z x
2 EI EI

z x y z x x y y y x x y

2 EI E

2 2

2 2

2 2

f f f f f f f f

f f f f f ff f

f f f f f f f

    

 

    

 

    



+ − +

+ − +

+ +

−

−

−

−−


−

g
cos

z
I

f



 
 
 
 
 
 
 
 
 
 
 −
 
 
    

(41) 

As previously mentioned and evident from Eq. 

(41), conventional methods utilize all three 

accelerometers and three gyroscopes for the initial 

alignment process. Currently, the attitude and 

heading angles can be extracted using the following 

equations: 

12 11

13

23 33

arctan(T T )

arcsin( T )

arctan(T T )







=


= −
 =  

(42) 

In this simulation, by applying bias, scale factor, 

and misalignment errors, both initial alignment 

algorithms were executed over 50 different random 

scenarios for attitude and position, as well as 50 

datasets corresponding to accelerometer and 

gyroscope errors for each scenario. Several examples 

of these are presented in Tables 1 and 2. 
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Table 1. Some of the attitude and position data in 

different scenarios 

No.   (deg)   (deg)   (deg)   (deg)  

1 46.613 73.551 143.531 52.063 

2 -62.945 -71.000 -39.908 52.703 

3 -55.853 77.477 6.554 7.125 

4 119.151 -74.700 -32.002 -77.400 

5 -27.888 -34.659 39.528 40.374 

Table 2. Some of the bias and drift data in different 

scenarios 

No.  
x ( )b g  

y ( )b g  z ( )b g  x ( / )d hr  
y ( / )d hr  z ( / )d hr  

1 55 123 147 0.012 0.009 0.005 

2 133 148 85 0.014 0.008 0.005 

3 119 83 130 0.005 0.006 0.008 

4 72 106 100 0.015 0.010 0.006 

5 73 99 140 0.014 0.015 0.008 

Using the aforementioned data, simulations of 

the derived equations were conducted across 50 

scenarios. The results are presented with the new 

algorithm denoted as "New" and the conventional 

coarse alignment algorithm labeled as "Coarse". 

 

Fig. 1. Simulation of roll angle estimation. 

 

Fig. 2. Simulation of pitch angle estimation. 

 

Fig. 3. Simulation of yaw angle estimation. 

It can be observed that the developed low-cost 

algorithm, which utilizes fewer sensors (two 

accelerometers and one gyroscope), achieves 

accuracy comparable to conventional initial 

alignment methods that employ three accelerometers 

and three gyroscopes. Therefore, the conducted 

simulations validate the correctness and reliability of 

the derived equations in the new algorithm. 

5. CONCLUSION 

This study addresses the importance and high 

cost of initial alignment in certain applications and 

proposes a novel low-cost method for this process. 

The new algorithm was evaluated through 

simulations and compared with conventional coarse 

alignment methods. To closely reflect real-world 

conditions, simplifications were minimized, and 

errors such as bias, misalignment, and scale factor 

were incorporated into the simulations. A distinctive 

feature of the proposed algorithm is the reduction in 

the number of gyroscopes and accelerometers, 

which significantly lowers costs. Specifically, only 

one gyroscope along the z-axis and one 

accelerometer on each of the x and y axes are 

employed. The simulation results demonstrate that 

the accuracy of this algorithm in attitude 

determination is excellent and acceptable, making it 

a viable alternative to existing methods. 

Additionally, this algorithm can be used for the 

gyrocompassing process. By calculating the roll and 

pitch angles through the proposed algorithm or an 

inclinometer with high accuracy, and utilizing only 

one relatively expensive gyroscope on the z-axis, the 

heading angle can be accurately computed, enabling 

precise gyrocompassing. 
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