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by Abbasali et al., who extended this algorithm to
1. INTRODUCTION extract Lyapunov orbits and periodic attitude
solutions [14,15]. Moreover, nodeling of Halo
In recent years, thestudy of multibody orbits and stable and unstable manifolds in
dynamic systembasgarnered significant attention, CRTBP was carried out by Jafadadousharand
driven by the need for more accurate simulations of Pourtakdoust 16]. Kiani et al. investigated
spacecraft and satellite motion. These systemsoptimal transfer trajectory design from Earth
offered valuable insights into the natural dynamics centered orbits to Halo orbits in the EaNfoon
of space vehicles, supporting applications such assystem using a homotopy approacHl7]|
astronomical observationsi[3], the preparation of  Increasing the realism of the simulated
human habitats in space, enhanced pointingenvironment can significantly enhance orbit
accuracy for space telescopes, and docking withsimulation accuracy. Adding perturbations to the
space stations. modeled environment prode beneficial in
A commonly used approximation for multi  achieving this goal18]. Orbital analyses in the
body dynamic systemsasthe Circular Restricted  circular threebody regime, incorporatingarthts
ThreeBody Problem (CRTBP), where a spacecraft oblateness in the EarMoon system, were
moved within the gravitational potential of two performed by Singhl[9]. Srivastava and Kumar
celestial bodi es. Swaa c estudied eCRTBP @rbits cunderf thep isfluence 0k
negligible compared to the two primary bodies, their Earths oblateness and solar radiation pressure in
motion remaied unaffected by the spacecrafl].| the EarthSun system 40], utilizing Lagrangian
Consequently,xensive researclvasconducted on ~ mechanics to derive orbital equations. Norear
CRTBP: Kunitsyn explored satellite stability around stability of satellites around the Eafihoon
equilibrium points 5], Lega analyzed energy system 0 point, accounting for Earthts
manifolds in CRTBP4], and Bakhtiari extended the oblateness was explored by Markellos and
model to study the formation flying of satellite Papadakis41]. Singh extended these studies by
constellations in the elliptic probler][ considering a spacecraft with variable ma3g|.|
However, he equationsof motion governing  The effect of Eartits oblateness on hovering
CRTBP lacled closedform solutions 4], which satellites operating in lowarth orbits was
necessitatedhe use of numerical methods. These investigated by Zhang et akJ]. FarquharKamel
met hodso6 rel i ance edavast niandiHawell algorithins utilizech & stagei tranisition
array of potential trajectories, enabling the matrix and the residue method to match orbital state
identification of countless orbits. Among these, parameters for periodic Lyapunov aHdlo orbits.
periodic and quagieriodic structures were This approach involved solving 42 simultaneous
particularly valuable for maintaining satellites on differential equations over the orbital period,
well-defined paths and ensuring reliable data making it computationally demanding due to the
transmission. Notably, Halo and Lyapunov orbits chaotic nature of CRTBPResearchers often use
formed a prominent class of periodic orbits in approximate solutions to generate initial guesses.
CRTBP B]. However, these algorithms frequently failed to
Farquharfirst introduced the termfHalo refine them accuratgl To address this, this study
orbitsd in his doctoral dissertatiof9]. He and proposes using thoincaé map to identify initial
Kamel later developed an analytical approach conditions to obtain periodic responses, offering an
using the LindstedPoincarémethod to identify efficient method to reduce system dimensionality
quastperiodic orbits near the Eartfloon. 0 and anbyze critical parameters2fl]. We compare
Lagrange point 10,11]. In 1979, Breakwell and the Poincaé map with two other approaches,
Brown developed a numericaiethod to compute  namely the thirebrder approximation method and
strictly periodic orbits around thi point of the  the Floguet theorpased methad focusing on
EarthMoon system 12]. Building upon this, factors such as complexity, efficiency, and
Howell proposed a comprehensive numerical precision. The results highlight the advantages of the
method for identifying Halo orbits arounthe Poincaé map, which provides a more accurate,
Lagrangian points of the CRTBIR his doctoral efficient, and less complex solution compared to the
dissertation 13]. Further studies includkthose  alternatives.
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2. PAPER GEOMETRY OF THE OHaixis of the rotating coordinate system and remains
CONSTRAINED THREE -BODY perpendicular to the orbital plane of the primary
PROBLEM planets. To simplify the equations in these

coordinates, a nedimensional form (ndim) is

Two primary celestial bodies with massesand preferred. In this form, the universal gravitational
a , where & a , are assumed to move in constantGt he angul ar velocity
circular orbits under mutual gravitational attraction between the two primary planets are normalized to
The spacecraft, with mass, is considered part dhe unity. The orbital period of the primary planets is
system, and its equations of motion are determinedt hus 2", and t Isdefinethasthe par a
within the system of intereSE h e s p ac e c r a fatio®kthensaalleplaneé massa to the total
considered negligible compared to the mass of thesystemmass: )
celestial bodiedn celestial mechanics, this is referred The mass paramatdefines the positions of the

to as the Restricted Thréimdy Problem, as the sorimar lanets ngch that the Iargerlplﬁnet is Ioca{ed
St é_%[ . u e € ot'1 o

spacecraftés motion doe | n
the primaries (e.g., thel_heseauac""gdcn(r}easrrnatﬁe([)p(ianaI A s 95

; ) 5
rel ati ve tmass). his stpdy primarity i &%@m aa:gogxs :);‘Sr::(t;c;r;.m the rot4 ing"coordinat
focuses on the motion of the spacecraft within the y P '
threebody problem. The resulting model, derived @& ¢ Y
under the two specified conditions, is known asthe ® ¢ Y 1)
Circular Resricted ThreeBody Problem (CRTBP) a Y
and has been widely applied in numerous studijes [ _

When the two primary celestial bodies follow Where’Y jp — — - ®  denotes
specific orbits, a coordinate system can be the Pseudo potential function of the CRTBRd the
established that is fixed relative to their motidhe distancs from the bigger and smaller primary are

n
negq.l
e g

center of mass of this system is chosen as the origingenoted by A PR ® & and O

of the required coordinate system, which rotates at a - ; — . |
constant angular velocit _pg, efd’ua?l’ rie%Jecq/e‘;(.e "me an
motion of the primary planetsThis rotating  addition P representsthe gravitational

coordinate system is defined by the unit vectors Parameter of the larger primary body and
r(GRBJUFig 1, where the dHromponent is representshe gravitational parameter of the smaller
perpendicular to the orbital plane of the primaries. Primary body.

The primary massest and & are always

positioned along thewaxis of this coordinate 3. EQUATIONS OF ROTATIONAL

system. MOTION

The fundamental equations of rotational motion

+ o 0 for a rigid body, derived based drewtorfs Second

= i y N b, Law, arepresented in angular velocity form.

T e o »Q/v The vector of external momendsting onthe

'\Q 4 b, rigid spacecraft body, expressed in the bbxgd

o X frame -H- which is attached to the rigid body and

,' - rotates with respect to the inertia frame, is

¥ represented as follows:

o' N Io5d 60 0 @
The angular velocitgquationswhich describe

the rotational dynamics of a rigid body about its

center of mass, are written &3p4:

Fig. 1. Geometry otherestricted thredody problem

Additionally, the inertia framek&80 is
defined such that, at the initial time 7, it is 0 ‘0 01 7 0
aligned with the rotating coordinate system. In this "0 0 0] 7 0 3
system, the unit vectabis always aligned with the O 0 011 0
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The angular velocity vectds represergd by
1T h h .

In these equationsQrepresents the principal
moments of inertia associated with the body des

and 0 denotes the components of the external

torque vector appl i @d
pkkb. The time rate of
angular velocities is summarized by the system as
follows [25)].
©. 090 " gq g 17
0 Q i
o 0 i T (4)
0 09° " yo Zgq
0 Q i

where "Q represents the projection vector of the

spacecraft relative to the larger pladet, and™Q
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Fig. 2. Simulation of thePoincarémap to obtain initial
conditions of the periodic orbitgbits regardingo

andw

denotes the projection vector of the spacecraft

relative to the smaller planét in the bodyfixed
frame. By introducing the direction cosinatrix,
the projection vector§) andQ can be expressex$
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In Eg (5), the rotation matrix from inertia to

body frame and the rotation matrix from rotating to

inertia frame are denoted by g,and =gy,
respectively.

Al &6 OEbd m
=g OEbd AT 6 n (©)
T T p
%R oh o4 can oA AR An
chnn An A4 A A cAR AR (7)
chf o An chn An LI I
where A 11 1 A 1 represerd quaternion

vectorsand Eq(8) is used to propagatpuaternions

Dynamical Flow

Fig. 3. Schematic of th@®oincaé map[20].

4. EQUATIONS SOLVING METHODS
The system ofEqgs (1,4,8) represents the

governing orbit and attitude dynamics of spacecraft

motion within the Circular Restricted Thr@ody

Problem (CRTBP). As these equations lack clesed
form solutions, their resolution necessitates the

application of numerical methodsGiven the
sensitivity of numerical solutions to initial

conditions, obtaining periodic solutions requires
precisely defined and accurate initial conditions for

the systenis state variables. The scarcity of
periodic solutions further highlights the critical

need for high precision in specifying these initial

conditions.
In prior research, suitable initial conditions for
identifying periodic solutions were derived by

in time.

approximately solving the equations of motion in

. P :
néwnw 11
oo 1 1A 1N

¢ ®)
. P : ,
o1 A 1A 1N

p
L L R

the CRTBP. This was achieved using a residue

method in conjunction with an orbital correction
algorithm. Howeer, this methodology involved
complex and computationally intensive

mathematical procedures. Moreover, determining

each periodic solution necessitated the provision of

a carefullyselected initial guess as an input for the

orbital correction algorithm. Tdrefor, this paper
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proposs a Poincagé map to obtain the appropriate
initial conditions. For comparison purposes, the
performance of thePoincaé map will be :
qualitatively compared with the methods used in
previous studies in the results section.

Xdot-axis
o

4.1 Poincaré Map 2

In this article, thé?oincaé map is proposed as
a method to identify the initial conditions for 09 -08 -0.7 -06 -05 -04 -03 -02 -01
periodic orbitattitude responses within the Circular el
Restricted Thre®ody Problem CRTBP. The Fig. 4. Simulation of thePoincaé map to obtain initial
Poincaémap serves as a powerful tool for capturing conditions of the periodic orbits regarding ™
the dynamical structures of ah-dimensional ando T8 8
system, such as periodic or qupsriodic
trajectories, described by the system of equations |nitially, a plane consisting of the specified
o [ & This method is grounded in analyzing the parameterswas defined as the crosection.
dynamical flow of the system. Arbitrary initial guesses for thesgarameters are
To apply this technique, @n p dimensional  distributed across the plane. Next, various solutions,
crosssection perpendicular to the dynamical flow such as successive iterations for a chosen period, are
was defined, and a set of initial guessess computed using the dynamical flow (i.e.,
distributed on this section Fig Using thesystends propagation of thesystends governing equations).
governing equations, these initial guesses aregach time the dynamical flow intersects the cross
propagated iteratively, and each intersection of the section, the corresponding values of the parameters
dynamical flow with the crossection is recorded  of interest are recorded and represented as a single
and visualized. Itis important to note that the chosen point on themap.
crosssection can represent any combination of the In subsequent iterations, one of the parameters
systends state variables. is fixed to the same value used in the initial guess for
The intersections of the dynamical flow with the first solution. The initial guesses for the
the defined crossection are depicted based on the remaining parameters are updated to the values
state variables. Whenwo state variables are recorded from the previous solution on the cross
considered, each intersection is represented as &ection The period is kepttonstant across all
single point on the twadimensional crossection. solutions.
Although two parameters may not provide a The islands formed on thé&oincaé map
complete description of theystends state, they are  (regions of higher point density) and their
often sufficient to reveal the dynamical structures of boundaries identify the appropriate initial conditions
Interest. for the orbital parameters to achieve periodic
Specifically, periodic and quaperiodic  solutions. Furthermore, if these islands appear, the
structures manifest as twbmensional patterns  selected periodicity will correspond to the period of
aligned along closed curves on theincaé maps the identified periodic orhitWe wantto note that
crosssection. These closed curves do not exist changes in the initial conditions of Lyapunov orbits
independently but instead cluster into islands. The directly influence the simulation of thRoincagé
centers and boundaries of these islands are regardeghap, as described by Equation (8). Specifically,
as indicative of periodic solutions. To better such changes modify the Jacobi cons@nthich
illustrate the implementation of this method, an plays a fundamental role in the dynamics of the

examples provided. system by defining the zeseelocity surfaces and
For periodic orbits, the parameters of interest are constraining the motion of the particle

the positionw and velocityv , which have been

empirically determinefL8]. Similarly, for rotational ® cYauh 6 (8)
dynamicsthecorresponding quaternion and angular _ _ _
velocity components, such gsand , are chosen Although the Jacobi constant remains fixed

to define the mapping plap28]. along a given periodic orbit, it varies from one orbit
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to another as the initial conditions change. considered a suitable initial condition. A summary
Consequently, variations in C can alter the structure of some of the initial conditions used in Fig. 5 is
of the Poincaé map and affect the existence, presented inTab. 2 where the orbital period is
location, and stability of periodic orbits. denoted byY

5. RESULTS

5.1 Orbital Analysis

The primary objective of this paper is to
elucidate the application of tfRoincaé map within
the context of the Circular Restricted Thigedy
Problem (CRTBP). To illustrate this concept
effectively, we will focus on the Cislunar system,
specifically the EarttMoon system, as our case
study. The constants relevant to this system are
detiled inTab. 1.

1.2 A ©08 06 04 02 0
, (ndim)

Table 1.Constants ofhecislunar system
‘ Y Qa4 Y Qa4
THIp ¢ p| 6378 1734.4

Case 5tudy2
. "

In the initial analysis, the periodic orbit initial
conditions are determined using tReincaé map.
For this purpose, we focus on establishing a family
of periodic orbits in the vicinitpf the, Lagrangian
point. The, Lagrangian point is located
approximately at® Q) ¢ 'QQdand w
€ Q'Qd herefore, we assume an initial guess for
our simulation of thé?oincaé map withw T

Additionally, we set the initial velocity in the-x
direction,® 1@ 8In this simulation, the Runge
Kuttai Fehlberg method (RKF45) implemented in Fig. 5. Poincaé map simulation for the spacecraft
MATLAB was used as the numerical solver, with a attitude dynamics considering & & & L
fixed step size of 0.001 seconds. Note that there jsandV T

no convergence criterion; the process continues until
the iterative solution dtqg. (1) is completed for each

q, (ndirm)

w, (ndim)

Table 2. Initial conditions of the periodic orbits in Fig.

chosen set of initial conditions farandw The more Orbit R N
initial guesses are considered, the higher the| . opo. (@ & QO & QQETY e QO
accuracy of the resulting map and the greater the|™—& i 0.983 0.437 356

chance of revealing additional islands.

The results of thisimulation are presented in
Fig. 4. By analyzing these results, we aim to gain
insights into the structure of the phase space aroung
the, point and to understand the potential for
mission design strategies that leverage these

Orbit 2 0.987 0.439 3.74
Orbit 3 0.989 0.441 3.80
Orbit 4 0.995 0.449 3.82
Orbit 5 1.066 0.452 3.87

periodic orbits, 5.2 Attitude Analysis

To validate the results, weaveplotted several For the second analysis, the application of the
of the identified periodic orbits in Fig. 5, using initial Poincaé map was used to identify theinitial
conditions extracted frorthe Poincae map in Fig. conditions of the attitude states required to achieve

3. Each point on the boundary of the island can be periodic behavior in the attitude dynamiés.in the
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previous simulation of thd’oincaé map for the appropriate initial conditions for the attitude states.
periodic responses of the orbital motion, the Rilnge The research conducted in this study indicates that
Kuttai Fehlberg method (RKF45) implemented in decreasing the inertia ratio values reduces the
MATLAB was used as the numerical solver, with a likelihood of identifying periodic solutions.
fixed step size of 0.001 seconds. This same For instance, if the same initial guess provided
consideration was also applied to simulate the in Tade 3wasused, but the inertia ratio valuesre
Poincagé map for the periodic responses of the changed to 1 T@® B ™ vand0 T,
attitude behavior. As mentioned, the more initial the Poincaé map simulation results, originally
guesses that are considered, the higher the accuracghown in Fig. 6, will change as illustratiedFig. 7.
of the resulting map and the greater the likelihood of A comparison between Fig. 6 and Fig. 7 shows
revealing additional lands. that decreasing the inertia ratio, while keeping the
Since the orbital states influence the attitude initial guesses for the orbitand attitude states
states (as shown ikgs. (3, 4), a periodic orbit, unchanged, results in an increase in the number of
specified inTade 2, is first selected. For this islands appearing in th@oincaé maps of the
analysis, Orbit 1 iselectedWe assumed the initial  attitude states. Consequently, this increases the
attitude state values from Tlab3 to simulate the likelihood of obtaining periodic responses.

Poincae map and identify appropriate conditions In this study, thd>oincarémap methodvasused

for periodic responseAdditionally, the following to identify periodic solutions for both orbital and

inertia ratios are consideredd @) attitude dynamics. To evaluate its effectiveness, it is
& wando . compared qualitatively with two alternative

approaches. The first is the thiscer approximation

Table 3. Initial gues=f the attitude stas to simulate the method, which, despite its theoretical fdation, is
Poincaé map considering orbit 1. highly complex mathematically, tir@nsuming, and
; ; ; lacks the precision needed for reliable identification of
nn n [ 1 1 periodic solutions. The second is the Floquet theory
Case study 1| 0.7| 0 0.7/1 |0 |-05 based method, which is more accurateshffers from
Casestudy 2|1 |0 o lo |2 10 significant mathematical complexity and requires an
additional differential correction algorithm, adding to

As mentioned, thePoincaé map for attitude  its computational demands. In contrast, Baencaré
states is simulated for corresponding parameters likemap method offers a more efficient and
N 1 .Theresults of thBoincaémap simulation  straightforward solution.
are illustrated in Fig6 for CaseStudiesl and 2. It eliminates the need for complex approximations
or correction algorithms while maintaining high
accuracy and computational efficiency. This makes it
a practical and usdriendly tool for analyzing periodic
behavior in dynamic systems. The qualitative
comparison is summarized Table4:

0.08
006
0041

ooer Table 4. Qualitative comparison of thBoincaé map

method with thirdorder approximation and Floquet
theorybased methods

ok

-0.02

o Poincaé Third-order g
0,041 Criteria map approximation theory
' based
0.06 Mathematical . .
Complexity Low High High
008 o5 1.02 Computational
0.96 0.98 ‘ 02 pu High Low Moderate
Efficiency
Fig. 6. Some otheperiodic orbits of the Cislunar system. Accuracy High Low High
As previ(_)usly discussecthe points located at m Ef::g:aﬂon High Low Moderate
the boundaries of the islands can be selected ag "™P
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It is clarified that the Floquetheorybased o T8t
method focuses primarily on identifying periodic
attitude motions through stability analysis of the state
transition matrix of the attitude dynamics. The state
transition matrix is computed for various initial
guesses and inertia ratios ovepecified time
intervals, and a stability assessment is then performed
using the corresponding eigenvalues and
eigenvectors. A mathematically intensive procedure,
as detailed in15], is applied to each eigenvalue
eigenvector pair to generate a 3D contour map
involving inertia ratios, eigenvalues, and a stability
index. From this contour, the initial conditions
corresponding to periodic attitude responses are o T
identified. This methodis not applicable to the
identification of periodic orbital motion and presents
significant mathematical complexity, which may be
considered a drawback compared to the proposed
Poincarénapbased method.

Likewise, the thirdorder approximation
method, as described i15,20,22], is limited to
identifying initial conditions for periodic orbital
motion and has not been extended to attitude motion
identification in the restricted thrdmdy problem.
This method also involves a complex solution

procedure and typically yields onlyne initial Fig. 7. Poincag maps for two inertia ratios showing the

condition per execution. In contrast, the proposed me t hodoés sensitivity to initi
Poincaé mapbased approach enables the
identification of both periodic orbital and attitude As shown, for the inertia ratio of 0.4, no islands

initial conditions, offers a simpler implementation appear, and hence no periodic response can be

conditions in a single execution. thl(sj ar::talys![s |§ determlneld thlrought':]rlal and err_o;,
Finally, it must be noted that tlRoincaé map and after lesting severa’ values, e appropriate

D inertia ratio of 0.05, for which islands appear, was
has certain limitations that should be acknowledged identified experimentally. There is no exact method

to provide readers with a clearer understanding of itS 1, jetermine in advance which value will lead to the
applicability. For this reason, two of its main gppearance of islands. Therefore, this approach is

limitations are discussed below. highly sensitive to initial conditions and e a
The first ['i mi tati on systematic methodsfor thein selectiore t hod 6 s
sensitivity to the initial conditions used in the The second limitation relates to the

simulations. For some initial conditions, no islands dimensionality of the problem. In the current case,
may appear in the generated maps, meaning that nghe problem is such that by selecting two state
periodic response conditions can be identified. The Parameters and generating a 2D map based on them,
selectim of suitable initial conditions that result in the initial conditions of periodic responses can be

, ) . - identified. However, it should be considered that in
the appearance of islands is entirely empirical and higherdimensional problems, it may be necessary
lacks a precise solution. To illustrate this, .Fig

_ - s to plot the map using, for instance, four state
shows thePoincaé map plotted for the same initial parameters, which is practically infeasible. As a
orbital and attitude state vectors, once with an inertiaresult, the use of thPoincarémap in such high

ratio of 0.05 and once with 0.4. dimensional cases maytrue viable.
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