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Today, according to the development of satellite-based hybrid 

networks that are able to provide diverse and new services to most 

parts of the planet, the designers of such networks are encouraged 

to use new communication technologies such as the Internet of 

Things and artificial intelligence to improve the performance of 

such classes of networks. In this article, using scientometric tools, 

the status of scientific publications in the field of "utilizing AI in 

satellite-based IoT" has been investigated. For this purpose, more 

than 475 research documents published from 2013 to 2023 have 

been extracted from the Scopus database and accordingly 

evaluated and analyzed using software tools such as Bibexcel and 

VOSviewer. Based on the statistical results, China, India and North 

America are among the top performing countries in this field. In 

addition, based on our findings, the schemes namely machine 

learning, deep learning, reinforcement learning, neural networks 

and convolutional neural networks have been used the most, in this 

research domain. 
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 INTRODUCTION 

The rapid proliferation of satellite technology 

and the advance of the Internet of things (IoT) have 

laid the groundwork for an interconnected world, 

where satellites act as pivotal facilitators for 

seamless communication and data exchange.  

Deploying IoT devices in remote and 

inaccessible areas is often challenging due to limited 

infrastructure. Satellite-based IoT addresses this 

challenge by providing ubiquitous connectivity, 

enabling real-time data transmission across diverse 

environments.  

Artificial Intelligence (AI), with its ability to 

process vast volumes of data and extract meaningful 

patterns, emerges as a critical enabler in enhancing 

the efficiency and effectiveness of satellite-based 

IoT systems. 

 Machine learning (ML) algorithms empower 

such systems to analyze and interpret data and 

optimize decisions for applications in precision 

agriculture, environmental monitoring, and disaster 

response.  

Researchers such as in [1], emphasize the high 

potential of using deep neural networks (DNN) in 

handling complex data representations, aligning 

with the requirements of diverse satellite-based IoT 

applications. In [2], provide foundational insights 

into the principles of AI, laying the theoretical 

groundwork for its application in the context of 

satellite-based IoT.  

As the synergy between AI and satellite-based 

IoT gains momentum, it becomes imperative to 

assess the current state of research and identify 

emerging trends. S.Bi and et.al in [3], examine three 

broad approaches including intelligent services, 

brilliant stability, and smart security in 

communication networks that use these two types of 

technology. 

Today, due to satellite-based communication 

networks that are able to cover many people in 

different regions of the globe, it has become possible 

to expand communication networks based on IoT 

technology. The development process of its 

communication protocols has always faced a 

challenge that has been addressed in reference [4].  

In addition, in order to create scalability in this 

type of communication network, it is recommended 

to use deep learning (DL) algorithms. In addition, 

the combination of two AI technologies and the IoT 

in satellite-based communication networks adds two 

special characteristics to the communication 

network. In such a way; AI leads to the ability of 

devices to learn, while IoT will lead to the 

interaction of devices with each other using the 

Internet. Of course, challenges such as the creation 

of space debris and their collision with each other 

are discussed in [5].  

In [6], a solution has been proposed that 

improves the communication quality in a satellite 

network based on extended extreme learning 

machine (ELM) algorithms. To use this type of 

algorithm, IoT sensors have also been used to collect 

weather data. Notable contributions by scholars like 

[7] have significantly influenced the development of

AI methodologies, fostering their integration into

satellite-based IoT frameworks. Concurrently,

research papers such as [8-11] offer a

comprehensive survey of the existing literature,

highlighting the evolving landscape and identifying

gaps that warrant further investigation.

As the main contribution of our work, this 

paper aims to conduct a scientometric analysis to 

systematically review and synthesize the existing 

literature on the integration of AI in satellite-based 

IoT. By employing quantitative and qualitative 

methods, we seek to identify influential research 

clusters, key contributors, and evolving thematic 

trends.  

Through this analysis, we aim to contribute to a 

deeper understanding of the intellectual landscape, 

offering insights that can guide future research 

directions and inform policy decisions. Therefore, 

the convergence of AI and satellite-based IoT 

presents a fertile ground for future innovations and 

explorations. This scientometric analysis sheds light 

on the intricate web of research endeavors in this 

domain, offering a nuanced understanding of the 

current state of knowledge and paving the way for 

future advancements in this transformative 

intersection of technology. 

Scientometric analysis offers a systematic 

approach to mapping the intellectual structure of this 

multidisciplinary field, providing a comprehensive 

overview of research patterns, influential authors, 

and key thematic areas. Scientometrics is a tool that 

can measure some of the most important indicators 

of any research field, such as the trend of published 

scientific productions, leading countries, leading 

authors, leading institutions and universities and the 

frequency of key words or scientific concepts in a 

specific subject. In addition software tools such as 
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VOS viewer and Bibexcel can draw some relational 

networks such as co-words, co-countries, co-

authorships and density of the used words.  

In addition, it is possible to outline the way of 

cooperation between the leading countries in the 

field [8-10].  

The rest of this paper is organized as follows. 

Section 2 describes the research background, data 

sources and methods used for the scientometric 

analysis. Section 3 presents the employed research 

methodologies. Section 4 presents the results and 

discussions of the given analysis, including publication 

trends, research networks, and research topics. Section 

5 concludes the paper and recommends possible future 

research directions. 

 RESEARCH BACKGROUND 

Due to the fact that in this domain, no 

scientometric work has been specifically examined 

or published, this idea has been thoroughly 

discussed in this article. The concept of IoT refers to 

objects that communicate and share data without 

human intervention. 

Today, with the introduction of the concept of 

smart urban development based on the IoT, the need 

to create systems with the ability to measure and 

process processes automatically is felt more than in 

the past. In this regard, a scientific analysis  from 

2012 to 2021 based on the SCOPUS database has 

been presented in [12], all kinds of smart solutions 

for farmers and other influential factors 

investigated. The results of this research show that 

China, India and South Korea are the leading 

countries. The most scientific productions are 

presented in the form of conference articles by 49.6 

% and magazines by 33.1%, and the fields of 

computer science and engineering have the highest 

share in this field with the frequency of 30.4% and 

24.6%, respectively. Prieto, J. is also the best author 

in this field of knowledge. 

In [13], studies the impact of IoT technology 

based scientometrics in countries in East Asia are 

covered. Based on the method required in 

scientometrics, the period from 2016 to 2020 was 

selected based on the Scopus database. The results 

obtained in this field indicate that China is ahead. 

In addition, concepts such as smart factories, 

machine learning and smart cities were prioritized 

in this research field in terms of frequency. 

Electronics journal (Switzerland) in this field is 

leading in terms of the number of published related 

research topics. 

One of the technologies required to improve 

data exchange in the field of IoT is the use of the 

semantic web, which has received serious attention 

today. In this regard, the review and analysis of this 

field of knowledge based on scientometrics based on 

the Web of Science database has been investigated 

and analyzed in the reference. The results of this 

analysis in the period from 2011 to 2020 indicate 

that China, America and Spain are the leading 

countries. Most research productions in this field are 

related to computer science with 477 research 

documents, engineering with 325 research 

documents and telecommunication with 203 

research documents. The top author in this field is 

Blanco-F,Y. with 17 research articles. The two top 

universities in this field from the point of view of 

scientific production are University of Vigo and 

Campus University from Spain [14]. 

With the introduction of IoT technology in the 

fourth industrial revolution, the possibility of 

interaction and knowledge sharing between 

humans and objects became possible [15]. One of 

the types of objects in this field is smart appliances 

that lead to the creation of smart cities. Research 

based on scientometrics in the field of using IoT 

and smart cities based on the Web of Science 

(WoS) database has been conducted from 2011 to 

2021 [16]. 

In this research, few research papers have 

focused on both IoT and smart cities. Visualization 

of Similarities viewer (VOSviewer) software is used 

in the mentioned reference. The trend of published 

documents shows that the most scientific 

productions were produced in 2020. In addition, in 

the mentioned article, the countries and authors who 

published the most documents were analyzed.  

In [17] with using scientometrics analysis, the 

effects of the emergence of IoT technology in a wide 

range of objects, processes and environments with 

living or non-living elements investigated. This 

study focuses on the scientific map of the IoT based 

on the Web of Science (WoS) database from 1989 

to 2019. In this analysis, 14469 research documents 

were processed and evaluated using VOSviewer 

software. 

The main focus of this research document is on 

authors, countries, journals, institutions, etc. The 

analysis shows that Joel J.P.C Rodrigues was the 

most prolific author, China was the most prolific 
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country, IEEE Access was the most influential 

journal, and Luigi Atzori was the most cited author. 

The main keywords that were more frequent in the 

documents were IoT, internet and security, 

respectively. In another study, using 

scientometrics, the evolution of blockchain 

technology is investigated for decision-making 

processes in the fields related to the IoT and ML. 

As presented in [18], blockchain technology 

can store data and prevent them from being hacked 

or edited. In this research, the SCOPUS database is 

used from 2015 to 2023, and 1332 articles is 

retrieved in the field of digital currency based on 

blockchain-enabled IoT. The analyses presented in 

this research show that America is the leading 

country in this field, wherein the scientific 

productions are pulished in 2018. Based on this 

paper, IEEE Access has the most scientific 

productions in this research field.  

Another study in the field of scientometrics 

refers to the concept of resource management in IoT 

networks, as described in [19]. In this research, a 

comprehensive review of research documents 

between 2012 and 2022 has been conducted using 

the SCOPUS database to determine the current 

status of the mentioned field and examine the 

challenges and opportunities of research in this field. 

The results of these surveys showed that limited 

resources will make it challenging to create 

networks based on the IoT. The results of the 

analysis show conventional methods such as AI, 

optimization methods, and game theory approaches 

are widely used in this field. Of course, in this 

research, one of the standard methods of AI called 

DL is also investigated, which will be one of the 

solutions for allocating resources with low 

complexity in real time. 

In [20], the importance of IoT technology in an 

Arab countries such as Algeria, Bahrain, Comoro 

and so on  were investigated. For this purpose, the 

Scopus database was used between 2010 and 2017. 

The most scientific productions in this field related 

to 2017 are 607 research documents and the highest 

amount of referencing is 2002 in 2017. Leading 

countries in this field are Saudi Arabia, the United 

Arab Emirates and Tunisia. The top two authors in 

this field  in the names of  Jararweh, y. and Al-

Ayyoub, M. are from the Jordan University of 

Science and Technology. Two IEEE Access and 

Computer Networks  journals are the leading 

journals in the scientific productions of this field. 

Three fields of computer science, engineering and 

mathematics are leading in this field. 

In [21], the application of IoT technology to 

the executive management based on scientometrics 

is investigated using two databases including 

SCOPUS and WOS from 2010 to 2022. As a result 

of this research, 1623 published research 

documents were examined. The study results in the 

synonym network show frequent topics such as 

digitization, digital operation, monitoring systems, 

tracking and intelligence. The leading countries in 

this field were China, America, and India. The 

leading journal in this field is IEEE Access. The 

most cited article domain has 1041 references. 

Nowadays, the creation of a smart city has been 

seriously deployed by developed and developing 

countries. One type of technology that can be used 

in modern smart cities is the IoT.  

In this regard, in the reference research [22], 

which is based on scientometrics, research 

documents were reviewed from 2012 to 2021 based 

on WoS, SCOPUS, and IEEE Xplore databases, and 

approximately 1019 documents were found. The 

research results show five frequently used words 

including IoT, IoT architecture, energy, security and 

privacy. In addition, the leading countries in this 

field include India, America, and China. The leading 

research institute in this field is the National Institute 

of Technology Nit System. The IEEE IoT journal 

published most of the documents in this field.  

Zaslavsky is the best author in this field who has 

published the most research documents. The article 

"Internet of Things for Smart Cities" published in 

the IEEE Internet of Things journal has the most 

references in the three WoS databases with 2170 

references, SCOPUS with 2940 references, and 

IEEE Xplore with 2694 references.  

In [23], wireless transmission methods in the IoT 

based on scientometrics are investigated. This 

statistical analysis method was performed based on 

the WoS database. The results of this evaluation were 

based on 15102 authors from 3843 organizations in 

87 countries, including China, the United States, 

South Korea, and India, and 6105 articles in 551 

publications. The analysis results show that in terms 

of quantity, China is the most powerful country in the 

world, which published 1912 articles and accounted 

for approximately 31.3% of the total number of 

articles published in this field. In addition, seven 

Chinese organizations are among the top 10 

organizations, and some Chinese researchers have 
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published articles with high citation frequency in the 

fields of machinery, computer science, and 

telecommunications. IoT technology includes 

devices with limited resources regarding battery 

power, processing capacity, memory, bandwidth, etc. 

One of the processes carried out in low-power and 

low-loss communication networks based on IoT.   

In [24], the protocols used from the aspects of 

reliability, robustness, energy efficiency, and 

flexibility in low-power and low-loss communication 

networks based on scientometrics are investigated. For 

this purpose, the results of the research from 2010 to 

2021 are conducted on the use cases of this field, and 

intelligent networks, smart cities, and smart homes are 

the most commonly used ones in this field. Today, the 

challenges of city creation and migration to cities have 

drawn attention to the sustainable management of land 

and water resources for productivity in modern 

agriculture based on the combination of AI and IoT 

technologies.  

In [25], research based on scientometrics in the 

field of water and land management with the help of 

AI and IoT is presented. The results of this analysis are 

based on 436 research articles between 1991 and 2021. 

The most frequent words include artificial neural 

networks (ANN), adaptive neural fuzzy inference 

systems (ANFIS), support vector regression (SVR), 

random forest (RF), and multilayer perceptron 

networks artificial neural network (MLP-ANN). In 

addition, the countries of China, India, Iran, Australia, 

and the United States of America were recognized as 

pioneers in this field. While the countries of Italy, 

Spain, and Saudi Arabia, considered as emerging 

countries but with low cooperation links, started their 

initial activities in this field. 

In another research, the importance of using IoT 

in the field of health based on scientometrics is 

mentioned [26]. In this research, 778 research 

articles from the WoS database were reviewed from 

1998 to 2016. Based on the results obtained, the 

growth of scientific production in this field has 

accelerated since 2010. The most important topic of 

interest in this field is systems and services design 

and implementation, and people with scientific 

affiliations from China, America, and England had 

the most scientific productions.  

In another study, as in [27], the situation of 

using IoT technology between China and the United 

States based on scientometrics from 2009 to 2018 

has been investigated. The results of the analysis 

show that although China has more research 

publications in this field but China should try to 

develop basic and essential technologies based on 

property rights for more effective competition.  

In another study, the role of IoT technology in 

the field of wireless sensor networks is investigated. 

For this purpose, between 2002 and 2016, 19035 

published documents in WoS and SCOPUS 

databases were analyzed.  In this regard, a software 

package based on the Python program named 

ScientoPy was used to analyze the data extracted 

from the research documents. The results of the 

analysis show that the countries of China, America 

and India had the largest share in the publications of 

this field with 1561, 4822 and 1089 published 

documents, respectively, based on the affiliation of 

the authors declared in the documents. In 2016, an 

author named Y. Zhang was the leader in this field 

with more than 35 published documents. Of course, 

an author named L. Atzori from Italy had the highest 

number of references (3239 reference), in the 

publication of his research activity in the computer 

network magazine in 2010.  

The most frequent keywords in the articles in 

this field in 2016 indicated the abundance of 

wireless sensor networks, cloud computing, and 

security. In addition, the three most frequent 

applications in 2016 included smart city, smart 

home and intelligent network, respectively. The 

most frequent communication protocol in this field 

is for the Radio Frequency Identification (RFID) 

host layer and the Constrained Application Protocol 

(CoAP) medium layer in 2016 [28].  

The most frequent processing methods in this 

field are ML, data mining and complex event 

processing. One of the areas where IoT technology 

can improve its management and services is food 

security. For this purpose, in the research conducted 

in [29], the effect of IoT technology on this area, 

based on scientometrics was investigated. In this 

research, which was conducted between 2011 and 

2018, three databases including SCOPUS (41 

related research documents), Science Direct (1 

related research document), and Google Scholar (48 

related research documents) were used. The top 

authors of this field of knowledge are L. Zheng, Y. 

Zhang, J. Wang and W. Han, respectively.  

A significant part of the studies and research 

conducted in this field by Chinese universities is 

to monitor food products and product quality. The 

most widely used communication technologies in 

this field were RFID and wireless sensor 
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networks. Nowadays, the use of AI techniques 

such as ML for global navigation satellite systems 

(GNSS) based on IoT to monitor and predict the 

ionosphere layer, which leads to cost reduction-, 

is receiving serious attention. In [30], a ground 

navigation system based on machine-to-machine 

(M2M) communication is proposed, which can 

provide navigation information and services 

required by users.  

In [31], the authors focused on providing an 

educational framework based on federated learning 

(FL) in IoT edge computing, which can be used to 

manage natural resources such as forest areas. The 

proposed method can reduce the time required for 

data processing in the system by increasing privacy. 

 RESEARCH METHODOLOGY 

The results presented in this article include a 

review of documents (including articles published in 

journals, conference articles, books, reports, etc.) 

published worldwide in the field of AI in satellite-

based IoT using scientometric tools.  

For this purpose, it is necessary to extract 

published documents in this domain and perform 

relevant analysis. As for the first step, in the 

SCOPUS citation database, the domain was 

searched as follows:  

( TITLE-ABS-KEY ( "Satellite" AND ( "internet 

of thing*" OR "IOT" ) ) AND TITLE-ABS-KEY 

( ( "Artificial Intelligence" OR "Neuro scale 

algorithm" OR "weighted fuzzy scoring" OR 

"support vector machine" OR "Pattern 

Recognition" OR "Machine Learning" OR 

"Machine Vision" OR "Image Processing" OR 

"Data mining" OR "Fuzzy Reasoning" OR 

"Deep learning" OR "Fuzzy Inference Systems" 

OR "Genetic algorithm*" OR "Evolutionary 

Algorithm*" OR "Random Forest" OR 

"Decision tree" OR "Neural network*" OR "k-

nearest neighbors algorithm*" OR "Federated 

Learning" OR "Reinforcement Learning" OR 

"Soft computing" OR "Unsupervised learning" 

OR "SVM-based spectrum sensing" OR 

"Markov model" OR "Extreme learning 

machine" OR "Neural Turing machine" OR 

"Generative Learning" OR "Deep 

Convolutional Network" OR "fuzzy logic" OR 

"fuzzy system*" OR "supervised learning" OR 

" statistical learning" ) ) AND NOT TITLE-ABS-

KEY ( "IOT (In-Orbit Test)" ). 

The search strategy was carried out in the title, 

abstract and keywords of the documents indexed in 

the Scopus database. The number of results obtained 

on 2023.12.10 equals 475 documents (including 

articles, books, etc.). The documents were 

downloaded in the RIS format.  

In the second step, Excel and Bibexcel software 

were used to create the co-occurrence matrices (for 

Co-words network and Co-country network). Before 

creating of co-occurrence matrices, the necessary 

actions  were taken to remove unrelated and 

meaningless keywords, and the singular and plural 

words were also standardized. However, according 

to experts, words that were conceptually 

synonymous were also merged into one word. The 

threshold limit considered in Bibexcel software for 

the frequency of words in the documents was set as 

3.  Finally, using the VOSviewer software, this area 

was visualized. 

 RESEARCH FINDINGS 

The number of published documents 

worldwide and the number of citations for 

published documents versus year in this domain 

field and its trends are shown in Figure 1 and 

Figure 2, respectively. As can be seen in the Figure 

1, the scientific growth of this domain field from 

the year 2018 with the total publications of 18 

research documents increased significantly 

compared to the beginning in 2013.  

The number of published documents worldwide 

in 2023 has not been finalized yet. Also, most 

citation published documents are 2633 for 2023. The 

status of the types of published documents 

(conference articles, journal articles, books, book 

chapters, etc.) in this field is shown in Figure 3.  

As it depicts, the total articles published during 

2013-2023 with the value of 42% has the highest 

weight among the published documents, and, book 

chapters with about 7% has the lowest weight in the 

total number of publications. The authors, with the 

highest number of published documents, are also 

shown in Table 1.  

In Table 1, TP is the total papers in the 

SCOPUS database wherein TC is the total number 

of citations for each publications and CPP is the total 

number of received citations count divided by the 

total number of publications in the SCOPUS 

database. In addition, the top journals of the world, 

which have the most scientific productions in this 

field, are listed in Table 2.  
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The frequency of the type of AI mechanism 

used is presented in Table 3. The ranking status of 

the countries with the most degrees published is also 

shown in Figure 4. As it is observed, the countries 

of China, India and America are at the top of this 

ranking. The status and the total number of 

published documents in different subject areas are 

shown in Fig. 5.  

As it is apparent in the above figure, the fields 

of "Computer Science" and "Engineering" have the 

highest number of documents in this field. The 

collaboration network of the top authors in this 

field is shown in Fig. 6. 
 

 

Fig. 1. Number of published documents in the field of "utilizing AI in satellite-based IoT". 

 

Fig. 2. Number of citations for published documents in "utilizing AI in satellite-based IoT". 
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Fig. 3. The types of published documents in "utilizing AI in satellite-based IoT". 

 

Fig. 4. Leading countries in the field of "utilizing AI in satellite-based IoT". 



 

  

 

 

Research Trends in Utilizing Artificial Intelligence in Satellite-Based … Journal of Space Science and Technology 
                       Vol.17, Special Issue, 2024 

/ 9 

 

V. 

Behna

mgol, 

A.R. 

Vali 

and A. 

Moha

mmadi 

 

 

Fig. 5. The percentage of published documents in different subject areas in "utilizing AI in satellite-based IoT". 

  

 

 

 

Fig. 6. Co-authorship network based on table 1 in the field of "utilizing AI in satellite-based IoT". 
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Table 1. Top authors in "utilizing AI in satellite-based IoT". 

Author name TP TC CPP 

Wang, W. 8 121 15.13 

Cui, G. 5 98 19.6 

Shen, X. 4 654 163.5 

Cheng, N. 4 654 163.5 

Guizani, M. 4 139 34.75 

Slay, J. 4 11 2.75 

."Table 2. Top journals on "utilizing AI in satellite-based IoT 

Source Title Count 

IEEE Internet of Things Journal 27 

IEEE Access 12 

MDPI Sensors 11 

MDPI Electronics 7 

Proceedings of The International Astronautical Congress 7 

ACM International Conference Proceeding Series 7 

Table 3. Frequency of "AI algorithms in satellite-based IoT". 

Keyword The frequency of 

use 

Machine Learning (ML) 115 

Deep Learning (DL) 99 

Reinforcement Learning (RL) 45 

Neural Networks (NN) 25 

Convolutional Neural Network (CNN) 18 

Consequently, to outline the knowledge 

structure of this research domain, by using the 

outputs from the "SCOPUS" database and the 

Bibexcel software, the analysis of the relevant words 

throughout the documents was initially performed. 

In this section, the words in the extracted documents 

and the most relevant words have been selected to 

present on the network.  

This process causes the words that are less 

important to be removed and lets the network focus 

only on the major words. In the next step, the output 

obtained from the Bibexcel software is fed to the 

VOSviewer software. The results based on this 

process is given in Fig. 7.  

The size of the circles in Figure 8 indicates the 

total count of the word. As it is evident in this figure, 

the words "IoT", "ML", "Satellites", "DL", and "AI" 

with 326, 115, 112, 99 and 96 usage frequencies, 

have the highest count in the total published 

documents. In this map, each of the used colors 

represents a topic cluster. As it is observed, the 

target words are classified into seven clusters. 

The density network is shown in Figure 8. In 

this figure, the highest density of words in the 

network is shown in red. In the same way, yellow, 

green and blue ones have the highest density. The 

distance of the words also has meanings. For 

example, if the distance between two words is 

relatively small, it can be inferred that they are used 

mainly together in many documents. Also, if the 

distance between two words is considerable, these 

two words are used together in few documents.  
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Moreover, the state of communication and 

international scientific cooperation between the 

countries is shown in Figure 9. As shown in this 

figure, 64 countries have international scientific 

cooperation in this field, among which China, United 

Kingdom and America have the highest cooperation. 

Examining the co-occurrence map of the vocabulary 

of this field shows that there are seven major topic 

clusters. Cluster one has sixty-five words including 

AI, big data and information management. In the 

second cluster with sixty-three words, there are terms 

like IoT, ML and remote sensing.  

The third cluster with fifty-one words includes 

satellites, orbits and satellite communication systems. 

In the fourth cluster, there are fifty words including 

global positioning system, global satellite navigation 

system. The fifth cluster includes things like DL, 

antennas and RL with forty-four words. The sixth 

cluster with thirty words includes things like learning 

systems, network security and forecasting.  

Finally, the seventh cluster with twenty-three 

words contains data communication system, spatial 

lights and car-to-car communication. In Table 4, 

according to the output of the VOSviewer software, 

a total of 7 subject clusters have been extracted. In 

this table, one column refers to the main topic of 

each cluster and other research priority topics in the 

subset of this cluster. 

 CONCLUSIONS 

There are various methods to study, analyze and 

classify the specifications and characteristics of a 

research field. In this article, we performed this 

using scientometric analysis in the investigation of 

"Using AI in satellite-based IoT".  

In addition, the relationship between its 

thematic sub-areas and international cooperation 

was deduced. The review of retrieved publications 

in this field until 2023 showed 475 documents 

indexed in the SCOPUS database.  

The major growth in the total number of 

publications in this field in recent years, shows the 

importance and practicality of this field technology. 

According to the results deduced from this study, 

China, India and North America are the leading 

countries in the research of this domain filed at the 

global level. Also, based on our findings, the terms 

including machine learning, deep learning, 

reinforcement learning, neural networks and 

convolutional neural networks have been used the 

most in this domain. Wang, W. has the most number 

of articles in the obtained results with eight published 

papers. With 27 published articles, IEEE Internet of 

Things Journal is the most chosen magazine in this 

research field. Computer science has the most 

research activity in this field with a share of 31.7%. 

 

Fig. 7. Co-words network in the field of "utilizing AI in satellite-based IoT". 
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Fig. 8. Density network in the field of "utilizing AI in satellite-based IoT". 

 

Fig. 9. International scientific cooperation among countries in "utilizing AI in satellite-based IoT”. 
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Table 4. Classification of existing clusters in the field of "utilizing AI in satellite-based IoT" until 2023 

(according to Fig.7). 

number of 

clusters 
Major issues for each 

cluster Some major related topics clusters by frequency 

1 Intelligence management Artificial Intelligence, Big Data and Information Management 

2 monitoring Intelligence Remote sensing, Satellite Imagery and Satellite Remote Sensing 

3 Satellite communication Satellites, Orbits and LEO Satellite 

4 Navigation systems Global Navigation Satellite Systems and Radio Navigation 

5 Resource management Resource Allocation, Energy Efficiency and Convex Optimization 

6 Security Network Security, Cybersecurity and Data Privacy 

7 Communication systems Vehicle to Vehicle Communications, Cellular Network and Space Platforms 
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This article introduces a novel correction algorithm designed to 

enhance the Lambert targeting problem (LTP) by addressing space 

perturbations. The proposed LTP correction (LTPC) algorithm 

integrates the traditional LTP with the shooting method and particle 

swarm optimization (PSO) to improve targeting accuracy. Following 

an initial solution using the LTP, the LTPC employs five sequential 

and iterative refinement stages to converge on a more precise result. 

The LTPC modifies the classical LTP to incorporate space 

perturbations, with Earth's oblateness being the primary perturbation 

considered. However, the algorithm is versatile and can be adapted 

to account for various types of space perturbations, broadening its 

applicability. The results demonstrate that the delta true anomaly, the 

difference between the desired arrival true anomaly and the actual 

arrival true anomaly, achieved by the LTPC is significantly smaller 

than that of the traditional LTP. This improvement highlights the 

LTPC's superior targeting accuracy. Notably, the LTPC achieves this 

enhanced precision without requiring a substantial increase in flight 

time or total velocity change compared to the classical LTP. This 

balance of accuracy and efficiency underscores the LTPC's 

effectiveness as a robust solution for space missions influenced by 

perturbations, paving the way for more reliable mission planning and 

execution. 
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1. INTRODUCTION 

Lambert Targeting Problem (LTP) problem is 

the classical two-point boundary value problem 

(TPBVP) in celestial mechanics, that was first 

posed and solved by Johann Heinrich Lambert in 

1761 [1]. It is known to have a unique solution for 

the fractional orbit transfer between prescribed 

positions in a prescribed “time of flight.” Solving 

the problem requires determining the orbital arc 

(typically, solving for the initial velocity) 

connecting a prescribed initial position and final 

position, which correspond to the specified flight 

time. Many investigations established the LTP. A 

uniform solution to the Lambert problem is 

investigated by Kriz [2]. Lambert problem solution 

in the hill model of motion by Sukhanov and Prado 

[3]. They explain the LTP in the Lambert problem 

in the restricted three-body problem. Leeghim and 

Jaroux studied the Energy-optimal solution to the 

Lambert problem [4]. New solutions for the 

Lambert problem using regularization and Picard 

iteration are done by Woollands and Younes [5]. 

Thompson and Rostowfske express practical 

constraints for the applied Lambert problem [6]. 

Constrained multiple-revolution Lambert's 

problem is investigated by Zhang and Moratari. A 

fixed-time, multiple-revolution Lambert’s problem 

is solved under given constraints in their study. A 

solution based on a dynamical approach for the 

multiple-revolution Lambert problem is 

investigated by Arlulkar and Naik [7]. Li and Han 

explained multiple-revolution solutions of the 

transverse-eccentricity-based Lambert problem 

[8]. The Uncertain Lambert problem with a 

probabilistic approach is explained by Adurthi and 

Majji [9]. All the mentioned research established 

the LTB ignoring the effects of space perturbations. 

But it should be noted that the effect of 

perturbations, however small, can be the cause of 

the success or failure of a space mission. Therefore, 

A novel correction algorithm is presented in this 

article to modify the Lambert targeting problem 

(LTP). To take into consideration space 

perturbations, the proposed LTPC (LTP 

Correction) algorithm combines the LTP with the 

shooting method [10], [11] and Particle Swarm 

Optimization (PSO) [12], [13]. Once the LTP is 

applied, the five consecutive iterative stages are 

established to modify it. The novel developed 

algorithm is called LTPC, which modifies LTP to 

regard space perturbations. The Earth's oblateness 

is considered a perturbation of interest [14]–[16]. 

This is while the proposed method can regard any 

space perturbations. The results indicate that the 

proposed LTPC has a much higher targeting 

accuracy, which is due to the ability to consider 

space perturbations  

2. LAMBERT TARGETING 

PROBLEM (LTP) 

Briefly, the Lambert Targeting problem (LTP) 

determines the transfer orbit between the initial orbit 

at the departure point 𝑝1(𝑟𝑑 , 𝑣⃗𝑑) and final orbit at the 

arrival point 𝑝2(𝑟𝑎 , 𝑣⃗𝑎) by having transfer time 

𝑡𝑙𝑎𝑚𝑏𝑒𝑟𝑡 [4], [17], [18]. In fact, LTP finds the 

desired velocity vector (𝑉⃗⃗𝐿𝑇𝑃𝑑
, 𝑣⃗𝐿𝑇𝑃𝑟

) of transfer 

orbit at 𝑟𝑑 , 𝑟𝑎. The orbital elements of transfer orbit 

are also obtained from the state vector at (𝑟𝑎, 𝑉⃗⃗𝐿𝑇𝑃𝑎
) 

or (𝑟𝑎 , 𝑉⃗⃗𝐿𝑇𝑃𝑑
) [19]. The required total velocity 

changes for the deployment of a satellite equals: 

∆𝑉⃗⃗𝑆𝑎𝑡1 = |𝑉⃗⃗𝐿𝑇𝑃𝑎
− 𝑣⃗𝑎| + |𝑉⃗⃗𝐿𝑇𝑃𝑑

− 𝑣⃗𝑑| (1) 

 One of the most critical requirements of 

designing a mission is trying to make it operational. 

LTP cannot be considered as a practical scheme in 

the mission design due to the following 

disadvantages: 

• LTP cannot consider space perturbations due to 

the use of Kepler's equations of motion. 

• Due to the accumulative trait of the 

perturbations, LTP is not suitable for long-term 

missions. 

Therefore, since accurate targeting is vital in 

the orbital transferring and rendezvous maneuvers, 

the LTP is not appropriate for practical space 

missions. 

Suppose that the Earth's oblateness is chosen as 

the space perturbations of interest in this research. 

The perturbed equations of motion due to the oblate 

perturbations are as follows [20]: 

𝑥̈ = −
𝜇

𝑟3
𝑥 +

3𝐽2𝜇𝑅2

𝑟4
[
𝑥

𝑟
(

5𝑧2

𝑟2
− 1)] 

𝑦̈ = −
𝜇

𝑟3
𝑦 +

3𝐽2𝜇𝑅2

𝑟4
[
𝑦

𝑟
(

5𝑧2

𝑟2
− 1)] 

𝑧̈ = −
𝜇

𝑟3
𝑧 +

3𝐽2𝜇𝑅2

𝑟4
[
𝑧

𝑟
(

5𝑧2

𝑟2
− 3)] 

(2) 
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In Eq. (2), the Earth's radius and the distance 

from the Earth's center to the center of the satellites 

are denoted by 𝑅 and 𝑟, respectively. 𝐽2 is the 2nd 

zonal harmonics of the Earth and zonal harmonics 

less than 𝑗2 have been ignored [21]. The position 

and velocity vector of the satellite at the Earth-

centered, Earth-coordinate frame (ECEF) is 

denoted by 𝑿 = [𝑥, 𝑦, 𝑧] and 𝑽 = [𝑥̇, 𝑦̇, 𝑧̇], 
respectively. As an example, assume that the 

classic orbital elements of the initial and the final 

orbit are given in Table 1. The orbit’s semi-major 

axis, eccentricity, inclination, right ascension of the 

ascending node, and the argument of perigee are 

denoted by 𝑎, 𝑒, 𝑖, Ω, 𝜔. 

Table 1. The classic orbital elements of the initial and the 

final orbit. 

Orbit 𝑎(𝑘𝑚) 𝑒 𝑖(𝑑𝑒𝑔) Ω(deg) 𝜔(𝑑𝑒𝑔) 

Initial 8000 0.25 25 25 8 

Final 21500 0.09 25 25 8 

Assume that the true anomaly of the arrival 

points 𝜃𝑎 are given in the mission profile as: 𝜃𝑎 =
60°. The flight time of the mission 𝑡 and departure 

𝜃𝑑 are selected as design parameters and selected 

by the optimization algorithm. This paper 

suggested the Particle Swarm Optimization (PSO) 

algorithm as the optimization algorithm and the Eq. 

(2) is selected as an objective function that could 

minimize the total velocity change of the maneuver 

and consequently the fuel consumption. The 

process of the PSO is fully described in section 3. 

The LTP is established in Fig. (1) once due to 

unperturbed and once to perturbed orbital 

equations of motion. Note that by setting the 

perturbation terms to zero in Eq. (2), the 

unperturbed equations will be obtained. 

 

 

Fig. 1. The LTP maneuver once due to unperturbed and 

once to perturbed orbital equations of motion. 

As mentioned the desired true anomaly was 

𝜃𝑎 = 60°. However, according to Fig. 1, the effect 

of oblate perturbations has caused the satellite to  

arrive at the final orbits in 𝜃𝑎 = 69.8°. Therefore, 

according to Fig. 1, the inability of the LTP to 

consider perturbations has caused a significant 

decrease in targeting accuracy. Therefore, this paper 

proposed an approach to modify the LTP to consider 

space perturbations and accurate targeting. In 

section 3, the PSO optimization algorithm will be 

described, and section 4 will deal with the 

development of LTP Correction (LTPC). 

3. PSO OPTIMIZATION 

In computational science, particle swarm 

optimization (PSO) is a computational method that 

optimizes a problem by iteratively trying to improve 

a candidate solution with regard to a given measure 

of quality. First, a finite number of seeds is scattered 

randomly in the D-dimensional search space, 

representing the optimization problem's initial 

solutions. Then according to the seeds' fitness value, 

the member of the colonies is ranked and sorted. The 

i-th plant, which represents the i-th initial position, 

is shown by 𝑋𝑖,𝑏𝑒𝑠𝑡. An 𝑋𝑖,𝑏𝑒𝑠𝑡 which has the most 

satisfying fitness value is the best position of the 

colony, and is shown by 𝑋𝑔𝑏𝑒𝑠𝑡. Updating the speed 

and position of each particle is obtained from the 

following equations [22-26]. 

𝑣𝑖,𝑠[𝑡 + 1] = 𝛾𝑉𝑖[𝑡] + 𝑐1𝑟1,𝑠(𝑋𝑖,𝑏𝑒𝑠𝑡[𝑡] − 𝑋𝑖[𝑡])

+ 𝑐2𝑟2,𝑠(𝑋𝑔𝑏𝑒𝑠𝑡[𝑡] − 𝑋𝑖[𝑡]) 
(3) 

𝑋𝑖,𝑠[𝑡 + 1] = 𝑋𝑖[𝑡] + 𝑉𝑖,𝑠[𝑡 + 1] (4) 
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The inertia weight 𝜸 may help to keep the 

motion of each particle in its main direction and 

balance the global and local search. Also, in Eqs. 

(3) and (4), the velocity and position of the s-th 

seed of the i-th member shows by 𝑽𝒊,𝒔, 𝑿𝒊,𝒔 

respectively.  

The cognitive coefficient 𝒄𝟏and social 

coefficient 𝒄𝟐 control the rate of convergence 

towards a personal best or global best location. 𝒓𝟏,𝒔 

and 𝒓𝟐,𝒔 are the random numbers in the range [𝟎, 𝟏]. 
The flight time of the mission 𝒕 and departure 𝜽𝒅 are 

selected as design parameters and selected by the 

PSO optimization algorithm. 

4. LAMBERT TARGETING 

PROBLEM CORRECTION (LTPC) 

In this article, an innovative correction 

algorithm is proposed to modify LTP. The 

proposed LTPC (LTP Correction) algorithm is 

developed by combining the LTP with the shooting 

method. The shooting method solves a two-

boundary value problem by reducing it to an initial 

value problem system [14]. The orbital transfer 

mission is performed once applying the LTP. Then, 

the following iterative process is established to 

modify LTP. The newly developed algorithm is 

called LTPC, which modifies LTP to consider 

space perturbations: 

1. The LTP is applied and optimized with the 

PSO for the satellite deployment mission. 

2. The departure position vector of the LTP 

maneuver 𝑟𝑑 is chosen as an initial condition. 

3. The new impulse velocity vector 𝑉⃗⃗𝑃𝑠
 at 𝑟𝑑  and 

the new flight time 𝑡𝑠  are also selected as an 

initial condition by PSO, and the shooting 

algorithm started (starting LTP correction). 

4. The transfer orbit is determined by applying 

the system of Eq. (2) with the selected initial 

conditions in the previous steps.  

5. Calculate the difference between the new 

position and the velocity vector of the satellite 

(𝑟𝑎𝑁
, 𝑣⃗𝑎𝑁) relative to the values determined by 

the LTP (𝑟𝑎, 𝑣⃗𝑎) at the arrival point. 

6. The LTP is replaced by the transfer orbit 

determined by the shooting algorithm (LTPC) 

if condition (5) is satisfied: 

|𝑟𝑎𝑁
− 𝑟𝑎𝑀𝐼𝐿𝑇𝑃

| < 2 × 10−3 (𝑚) 

|𝑣⃗𝑎𝑁
− 𝑣⃗𝑎𝑀𝐼𝐿𝑇𝑃

| < 10−3 (
𝑘𝑚

𝑠
) 

(5) 

7-If the delta values do not meet condition (5), 

then return to step 3 and shoot again. In the results 

section, the correctness of the proposed algorithm 

will be validated. 

5. RESULT 

The main purpose of this article is to develop an 

orbital transfer that has accurate targeting and could 

regard space perturbation. For this reason, first, the 

LTP is suggested for accurate targeting. Since the 

LTP cannot consider space perturbations, this paper 

proposed a correction on the LTP that modified the 

LTP to regard space perturbations with accurate 

targeting. In this section, two cases study is 

investigated.  

The classic orbital elements of the initial and the 

final orbit of these cases study are given in table 2. 

Table 2. the classic orbital elements of the initial and the 

final orbit of the case study. 

Orbit 𝒂(𝒌𝒎) 𝒆 𝒊(𝒅𝒆𝒈) 𝛀(𝐝𝐞𝐠) 𝝎(𝒅𝒆𝒈) 

Initial 9000 0.1 20 20 10 

Final 23000 0.08 20 20 10 

In the first case study, it is assumed that the 

satellite must be deployed at 𝜃𝑎 = 150°. The LTP is 

compared with the proposed LTPC in Fig. 2. 

 
Fig. 2. The comparison between the LTP and proposed 

LTPC in the first case study. 

The arrival true anomaly 𝜃𝑎, the total velocity 

change ∆𝑉𝑡𝑜𝑡 and the flight time 𝑡 between the LTP 

and the proposed LTPC are compared in Table 3 for 

the first case study. 
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Table 3. the comparison of arrival true anomaly 𝜃𝑎, the 

total velocity change ∆𝑉𝑡𝑜𝑡 and the flight time 𝑡 between 

the LTP and the proposed LTPC. 

 𝜽𝒂(𝒅𝒆𝒈) 
∆𝑽𝒕𝒐𝒕 (

𝒌𝒎

𝒔
) 

𝒕(𝒔𝒆𝒄) 

LTP 161 2.18 10403 

LTPC 153 2.21 10487 

According to the table 2, the delta true anomaly 

between the desired true anomaly 𝜃𝑎 = 150° and the 

arrival true anomaly LTP and proposed LTPC are 

11° and 3°respectively. Therefore, the LTPC has 

accurate targeting with considering space 

perturbation. This holds despite the fact that the 

difference between the velocity change and flight 

time of the LTP and LTP are neglectable. In the first 

case study, it is assumed that the satellite must be 

deployed at 𝜃𝑎 = 225°. The LTP is compared with 

the proposed LTPC in the Fig. 3. 

  

Fig. 3. The comparison between the LTP and proposed 

LTPC in the second case study. 

The arrival true anomaly 𝜃𝑎, the total velocity 

change ∆𝑉𝑡𝑜𝑡 and the flight time 𝑡 between the LTP 

and the proposed LTPC are compared in Table 4 for 

the first case study. 

Table 4. the comparison of arrival true anomaly 𝜃𝑎, the 

total velocity change ∆𝑉𝑡𝑜𝑡 and the flight time 𝑡 between 

the LTP and the proposed LTPC. 

 𝜽𝒂(𝒅𝒆𝒈) 
∆𝑽𝒕𝒐𝒕 (

𝒌𝒎

𝒔
) 

𝒕(𝒔𝒆𝒄) 

L T P 237.4 2.32 11812 

L T P C 227.5 2.35 11854 

According to Table 4, the delta true anomaly 

between the desired true anomaly 𝜃𝑎 = 225 and the 

arrival true anomaly LTP and proposed LTPC are 

12.4° and 2.5°respectively. Therefore, like the first 

case study, the LTPC has accurate targeting 

considering the space perturbation and as illustrated 

in the first case study although the difference 

between the velocity change and flight time of the 

LTP and LTP are neglectable. 

6. CONCLUSION 

The primary objective of this paper was to 

develop an orbital transfer maneuver with high 

targeting accuracy, capable of accounting for all 

space perturbations, thus ensuring its practicality for 

real-world missions. The Lambert Targeting 

Problem (LTP) was initially proposed as an accurate 

orbit transfer maneuver. However, the LTP's 

inability to account for space perturbations 

significantly reduced its targeting accuracy, making 

it unsuitable for operational missions due to the 

following limitations:   

Inability to account for space perturbations: 

The LTP relies on Kepler's equations of motion, 

which do not consider perturbative forces.   

Unsuitability for long-term missions: The 

cumulative effect of perturbations over time renders 

the LTP ineffective for extended missions.   

To address these shortcomings, this paper 

introduces an innovative correction algorithm, 

referred to as the Lambert Targeting Problem 

Correction (LTPC) algorithm. The LTPC combines 

the LTP with the shooting method to improve its 

performance. The orbital transfer maneuver begins 

with the application of the LTP, followed by five 

iterative stages designed to refine the solution. This 

process enables the LTPC to account for space 

perturbations effectively.   

In this study, Earth's oblateness was considered 

the primary perturbation of interest. The results 

demonstrated that the LTPC achieved a significantly 

smaller delta true anomaly, the difference between 

the desired arrival true anomaly and the actual 

arrival true anomaly—compared to the classical 

LTP. Moreover, the LTPC maintained comparable 

flight times and total velocity change requirements 

to the LTP. These findings highlight the LTPC's 

superior targeting accuracy, attributed to its ability 

to incorporate space perturbations. 
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 This paper investigates the feasibility of employing plasma dielectric material to 
develop a Maxwell Fish Eye (MFE) lens antenna, functioning as a gradient index 
(GRIN) lens antenna with reconfigurability. The study focuses on the design, 
simulation, and analysis of both spherical and hemispherical MFE plasma 
lenses. Using geometric optics (GO), the analytical design equations of the 
Maxwell Fish Eye (MFE) lens are derived. Furthermore, the refractive index 
profile in the radial direction of the plasma-based MFE lens is extracted using 
the hyperbolic function—a conventional method for MFE lenses—while 
accounting for the unique property of plasma dielectrics, where the refractive 
index is smaller than 1. A prototype of the plasma-based MFE lens is designed 
based on the derived equations at an operating frequency of 10 GHz, and its 
performance is evaluated through numerical simulations considering a layered 
refractive index profile for the lens. The results reveal significant improvements 
in radiation characteristics, with the spherical configuration achieving a 6.5 dBi 
gain enhancement and the hemispherical lens demonstrating a remarkable 12.8 
dBi gain enhancement. Additionally, the lens provides dynamic control over 
radiation patterns by leveraging the tunable nature of plasma. This 
reconfigurability is achieved by selectively switching plasma layers ON or OFF, 
effectively altering the lens's refractive index distribution in real time. Moreover, 
based on the results of a parametric analysis, a layer thickness of t = R/10, where 
R is the radius of the lens, provides the best trade-off between gain enhancement 
and implementation simplicity. The findings demonstrate the potential of 
plasma-based MFE lenses to achieve advanced reconfigurability in antenna 
systems. Such structures offer significant advantages for modern communication 
systems, where adaptability and beam shaping are critical. This work establishes 
a foundation for future research into plasma-enabled gradient index devices for 
reconfigurable antenna applications in 5G, 6G, and beyond. 
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 INTRODUCTION 

Microwave lenses are broadly classified into 

two categories based on their material composition: 

homogeneous and non-homogeneous. While 

homogeneous lenses are favorable due to their 

simple implementation [1], inhomogeneous lenses 

have garnered significant attention due to features 

such as high gain [2], the ability to generate multiple 

beams [3], controllable beam direction [4], and 

broadband radiation characteristics [5]. 

Among non-homogeneous lenses, the Maxwell 

fish-eye (MFE) lenses with spherical or 

hemispherical configurations, can direct 

electromagnetic waves to focus radiation from a 

wide field of view onto a focal point. Classified as a 

gradient index (GRIN) lens, the refractive index of 

the MFE lens changes smoothly from the center 

toward the outer layers [6-8]. 

The significance of MFE lenses in antenna 

design lies in their potential to enhance 

beamforming capabilities [9], improve long-range 

communication [5], and enable novel antenna 

configurations for diverse applications [10-14]. For 

instance, innovative designs such as multichannel 

lenses with beam splitters based on the MFE lens 

have been proposed in [10] and [11]. Moreover, 

using a combination of etched planar meta-surfaces 

and half MFE lens antennas, good focusing has been 

achieved [13]. In [14], wide-angle beam scanning 

has been demonstrated with MFE and Gutman 

lenses. 

Driven by the need for adaptability and 

versatility in modern communication systems, 

reconfigurable antennas have become another 

essential concept in the field of antenna engineering 

[15]. Traditional approaches often face challenges in 

balancing performance and flexibility, relying on 

switching mechanisms that compromise efficiency 

and design simplicity [16]. Notable innovations 

have emerged, including optical methods using 

photoconductive materials, structural alterations in 

antenna configurations, and the incorporation of 

novel materials such as ferrite and plasmas into 

antenna structures. 

Dynamic adjustment of plasma properties to 

create reconfigurable antennas has been investigated 

in various studies [17-30]. Demostrated antennas 

offer the advantage of adaptability, allowing for the 

dynamic tailoring of radiation patterns and beam 

directions without the need for complex switching 

components [31-36]. Traditional approaches to 

reconfiguring MFE lenses often rely on mechanical 

adjustments [10,12], and [14], such as sliding or 

rotating the lens or repositioning the feed source. 

While these methods provide beam control, they 

lack the rapid adaptability demanded by modern 

communication systems. These mechanical 

techniques, though effective, can be slow, bulky, 

and less precise for rapid real-time applications. In 

contrast, reconfigurable materials such as plasma 

offer a more dynamic solution, enabling real-time 

modifications to the refractive index by controlling 

plasma properties. This allows faster beam steering, 

and improved precision, and leads to the way for 

advanced features such as adaptive beamforming.  

 Although many studies have been carried out 

on the application of plasma media in their 

conductive mode for instance for the realization of 

antennas and reflectors [19-30], there are limited 

studies on the applications of plasma media in their 

dielectric mode, especially as dielectric lens 

antennas [17-19]. However, it is widely 

acknowledged that plasma structures exhibit 

favorable dielectric properties at frequencies 

higher than the plasma frequency. At such 

frequencies, control over the plasma refractive 

index can be achieved by adjusting the plasma 

frequency, presenting an opportunity for the 

development of dielectric lenses with controllable 

focal lengths [17]. 

This study explores the integration of plasma in 

its dielectric mode into an MFE lens, introducing a 

novel reconfigurable antenna system. While MFE 

lenses have been extensively studied both 

theoretically and experimentally, designing MFE 

lenses made of a dielectric with a refractive index of 

less than one represents a new frontier. To this end, 

existing analytical design equations for MFE lenses 

need to be modified, and the refractive index 

distribution profile must be redefined. Therefore, a 

key novelty of this research is the development of 

updated analytical design equations for MFE lenses 

incorporating plasma dielectrics, addressing a 

significant gap in the field. 

Additionally, by controlling the refractive index 

of plasma, the lens characteristics can be 

dynamically adjusted, offering a more adaptable 

solution compared to traditional lenses. This 

reconfigurability, achieved by switching the lens 

layers ON or OFF, represents a second major 

novelty of this study. This paper aims to investigate 
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the feasibility of realizing this plasma-based lens 

and evaluating its performance. 

The rest of the paper is organized as follows: 

Background information on plasma material in the 

dielectric mode is provided first. Next, the analytical 

design equations for spherical MFE lenses based on 

geometrical optics are presented. Then, the structure 

and design equations of MFE lenses based on 

plasma material are outlined. The performance of 

the proposed lens antenna is numerically analyzed 

in the subsequent section, followed by a detailed 

discussion and analysis of the findings. Finally, the 

study is concluded with insights into the 

significance of this research. 

 PLASMA DIELECTRIC THEORY  

Plasma, in its general form, constitutes an 

ionized inert gas confined within a dielectric 

container. In this study, the dielectric mode of 

plasma material is used in the structure of the MFE 

lens, i.e., the plasma frequency is smaller than the 

operating frequency of the antenna [17]. The plasma 

medium is commonly represented using the Drude 

or Lorentz dispersion model, and under low-

pressure conditions, its complex relative 

permittivity is defined as [37]: 

𝜖𝑝 = 1 −
𝜔𝑝
2

𝜔(𝜔−𝑗𝜈)
= 𝜖′ + 𝑗𝜖′′,      (1) 

Where ω = 2πf is the operating angular frequency, υ 

is the collision frequency of the plasma, and ωp = 

2πfp is the plasma angular frequency. The plasma 

angular frequency is defined as: 

ωp=√Ne2/m𝜀0 , (2) 

Where m and e represent the electron mass and 

charge, N is the plasma electron density, and 𝜀0 

denoted the free space permittivity. Neglecting the 

imaginary part of the plasma permittivity, the 

plasma relative permittivity is expressed as: 

𝜀𝑝 = 1 −
𝜔𝑝
2

𝜔2+𝜈2
 .  (3) 

The refractive index of plasma can be 

calculated based on the plasma permittivity: 

 np = √𝜀𝑝                                      (4) 

It is important to note that, unlike conventional 

dielectrics, the plasma permittivity in plasma 

dielectrics, and consequently the refractive index 

of plasma, are smaller than one and greater than 

zero. Therefore, the phase velocity of an 

electromagnetic (EM) wave propagating in a 

plasma dielectric is higher than in free space. This 

characteristic significantly impacts the shape or 

distribution of the refractive index in lenses made 

of plasma [17]. 

 ANALYTICAL DESIGN 

EQUATIONS  

In this section, the analytical design equations 

and fundamental principles of spherical MFE 

plasma lenses are derived using the geometric optics 

(GO) method. These equations will be applied in the 

next section to design a prototype of a plasma-based 

MFE lens.  

Let’s start by analyzing the refractive index 

profile in MFE lenses, which plays a critical role in 

directing electromagnetic waves to achieve the 

desired focusing properties. A common 

mathematical model used to describe this profile for 

conventional MFE lenses is the hyperbolic function 

as follows [9]: 

𝑛(𝑟) =
𝑛0

1+(
𝑟

𝑅
)
2                0 < r < R            (5) 

In this equation, n0 represents the refractive 

index at the center of the sphere, R is the radius of 

the lens, and r is the radial distance from the center. 

This equation provides a smooth decrease in the 

refractive index from the center to the outer layers 

of the lens. By adjusting the parameters n0 and R, it 

becomes possible to tailor the behavior of the lens 

antenna system.  

In the geometric optics method [38], the 

Eikonal equation is a simplified form of the 

Maxwell’s equations. It provides an approximation 

for describing the trajectory of rays in a medium 

with a spatially varying refractive index, such as 

MFE lens. The equation is given by [39]: 

|𝛻 𝑢(𝑟)| = 𝑛2(𝑟) (6) 

where  𝑟 is the radius vector, and 𝑛(𝑟) 
represents the refractive index of the medium. In two 

dimensions (on the x-y plane), the Eikonal equation 

becomes: 

(
𝜕𝑢(𝑥, 𝑦)

𝜕𝑥
)

2

+ (
𝜕𝑢(𝑥, 𝑦)

𝜕𝑦
)

2

= 𝑛2(𝑥, 𝑦) (7) 
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Using the method of characteristics, this 

equation can be transformed into a system of 

ordinary differential equations (ODEs): 

{
 
 
 
 

 
 
 
 
𝑑𝑥

𝑑𝑡
=
𝑝1
𝑛2

𝑑𝑦

𝑑𝑡
=
𝑝2
𝑛2

𝑑𝑝1
𝑑𝑡

=
1

𝑛

𝜕𝑛

𝜕𝑥
𝑑𝑝2
𝑑𝑡

=
1

𝑛

𝜕𝑛

𝜕𝑦

 (8) 

where 𝑝1 =
𝜕𝑢

𝜕𝑥
 and 𝑝2 =

𝜕𝑢

𝜕𝑦
. The functions x(t), 

y(t), p1(t) and p2(t) describe the ray trajectories in the 

system. The partial derivatives of the refractive 

index, given by equation (5), in the x-y plane are 

expressed as follows. 

𝜕𝑛(𝑥,𝑦)

𝜕𝑥
= −

2𝑛2(𝑥,𝑦)

𝑛0𝑅
2  (𝑥 − 𝑋0)         (9a) 

𝜕𝑛(𝑥,𝑦)

𝜕𝑦
= −

2𝑛2(𝑥,𝑦)

𝑛0𝑅
2  (𝑦 − 𝑌0)         (9b) 

The initial conditions at t = 0 are defined by: 

{
 

 
𝑥(𝑡) = 𝑥0 

𝑦(𝑡) = 𝑦0
𝑝1(𝑡) = 𝑐𝑜𝑠(𝛼) 𝑛(𝑥0, 𝑦0)

𝑝2(𝑡) = 𝑠𝑖𝑛(𝛼)  𝑛(𝑥0, 𝑦0)

 (10) 

Where α is the incident angle of the beam from 

the feed, and (x0, y0) represents the coordinates of 

the feed. 

 

Fig. 1. Rays in a plasma-based MFE lens, with the 

representation of refractive index profile along the radial 

direction. 

It’s worth noting that the spherical MFE lens 

images a point on its surface to the opposite point, 

achieving diametric coverage, as illustrated in Fig. 

1. The trajectory of a ray leaving point A and 

arriving at point B, diametrically opposite to point 

A, as depicted by the red dashed line in Fig. 1, is 

governed by the following equation [9]: 

𝜃 = 𝑠𝑖𝑛−1(
𝐶(𝑅2−𝑟2)

𝑅𝑟 √𝑛0
2𝑅2−4𝐶2

)                          (11) 

Here, C is a parameter that is constant for each 

layer, contributing to the trajectory of the ray 

within the lens structure.  

It is noteworthy that the refractive index 

profile of a typical MFE lens using conventional 

dielectrics commonly ranges from n0 = 2 at its 

center to n = 1 at the outer surface. However, since 

the refractive index of a plasma dielectric is always 

smaller than 1, it raises the question of whether it’s 

feasible to use this type of dielectric in the MFE 

lens or not.  

To address this, incorporating equations (3) 

and (5), and considering n0 = 1, which represents 

the maximum refractive index of the plasma 

dielectric at the center of the lens, a design equation 

is extracted for the plasma MFE lens. Thus, the 

plasma frequency distribution profile for this lens 

is extracted as: 

𝑓𝑝(𝑟) =
1

2𝜋
√(𝜔2 + 𝜈2)(1 − (

𝑛0

1 + (
𝑟

𝑅
)
2)

2

) (12) 

Using (12), it is possible to calculate the 

plasma frequency in different radii of a plasma 

MFE lens. To have a better insight into the 

differences between the refractive index profiles 

of a conventional MFE lens and the proposed 

plasma-based MFE lens, these two profiles are 

compared in Fig. 2, where both spherical lenses 

have a radius of R = 100 mm. It is evident from 

the figure that the range of variation in the 

refractive indices for the two lenses is 

significantly different. Additionally, while the 

refractive index profile in the plasma MFE lens is 

dependent on the operating frequency, it remains 

constant in the conventional MFE lens. 
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Fig. 2. Comparison of refractive index profile distributions 

along the radius of a conventional MFE lens and a plasma-

based MFE lens at f = 10 GHz and ν = 1 GHz. 

To evaluate the collimating capability of the 

analytically designed plasma MFE lens, Fig. 3 

presents a snapshot of the propagating wave through 

this lens. This result is obtained by numerically 

solving the Eikonal equations at a frequency of f = 

10 GHz for the refractive index profile shown in Fig. 

2. The figure clearly illustrates that the beam is 

collimated after passing through the plasma MFE 

lens. In this simulation, the feed is a rectangular 

waveguide (WR90).  
 

 

Fig. 3. Snapshot showing the analytically obtained 

propagating wave from the plasma MFE lens at f = 10 

GHz corresponding to the refractive index profile 

illustrated in Fig. 2. 

In the following section, the performance and 

feasibility of the proposed plasma MFE lens are 

further analyzed through full-wave electromagnetic 

computations. 

 DESIGN OF A PROTOTYPE AND 

NUMERICAL INVESTIGATION  

In this section, a plasma-based MFE lens 

antenna is designed based on the analytical 

equations presented in the previous section for 

operation at f = 10 GHz. The performance of the 

designed lens is evaluated through numerical 

simulations, considering two configurations: a 

spherical lens and a hemispherical lens.  

For simulation purposes, the time-domain 

solver of the commercial software CST 

Microwave Studio® is employed. Moreover, a 

rectangular waveguide (WR90) is placed in front 

of the lens to illuminate the lens. For an MFE lens, 

a waveguide feed offers advantages in terms of 

integration and compactness, particularly at 

higher frequencies. However, the type of feed 

does not significantly affect the overall 

performance of the lens and thus can be replaced 

with other feeds such as horn antennas.  

Let’s start with the design of the spherical MFE 

plasma lens which has a radius of R = 100 mm. The 

plasma medium is modelled as collisional, with a 

collision frequency of ν = 1 GHz, to provide a more 

realistic representation of the lens's performance.  

Based on these initial parameters, plasma frequency 

distribution is derived, as shown by the red dashed 

line in Fig. 4.  

 It’s important to note that in practical 

applications, a stepped index profile is typically 

used to implement MFE lenses. Accordingly, in this 

study, the plasma frequency distribution is 

discretized along the lens radius, forming a 

staircase-like profile, as shown by the solid black 

line in Fig. 4. So, the plasma MFE lens, as depicted 

in Fig. 6, is divided into ten distinct spherical layers, 

each with a thickness of 10 mm. 

To calculate the characteristics of the various 

layers, with each outer radius denoted by ri (where i 

represents the layer number from 1 to 10), the 

following procedure is employed: 

- An initial refractive index of n0 = 1 is assumed 

at the center of the sphere.  

- The refractive index np(ri) for each layer is 

calculated using Eq. (5), with results displayed 

in Fig. 6, comparing the continuous 

inhomogeneous and stepped index profiles. 

- Finally, the plasma frequency for each layer, 

fp(ri), is computed using Eq. (12).  

Note that for simplicity, the impact of dielectric 

containers surrounding the spherical layers has been 

neglected in this feasibility study. Following the 

procedure, the characteristics of the plasma MFE 

lens are determined. In practice, a controllable DC 
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power supply based on an electrical dimmer can 

effectively adjust the plasma frequency in the layers. 

For instance, in [17], the plasma frequency was 

controllable between 2 GHz and 7.8 GHz using DC 

biasing. This flexibility allows for fine-tuning the 

refractive index of plasma, enabling dynamic 

control of the properties of the lens. While this 

method has successfully stabilized plasma states, 

alternative methods, such as AC or pulsed biasing, 

may further enhance flexibility, providing additional 

options for optimizing plasma performance in this 

application. 

 

Fig. 4. Plasma frequency versus normalized radius of the 

plasma MFE lens. 

 
 

 

 Fig. 5. (a) 3-D view, (b) side view of the ten-layer plasma 

MFE lens. 

Table 1. Permittivity of the plasma layers in the plasma 

MFE lens. 

Parameter Quantity 

εp (r10) 0.25 

εp (r9) 0.31 

Parameter Quantity 

εp (r8) 0.38 

εp (r7)  0.47 

εp (r6) 0.58 

εp (r5) 0.69 

εp (r4) 0.81 

εp (r3) 0.9 

εp (r2) 0.97 

εp (r1) 1 

A snapshot of the magnitude of the computed 

electric field before and after passing through the 

lens is illustrated in Fig. 7. Similar to Fig. 3, this 

figure demonstrates the collimation of the beam 

after passing through the lens. Due to the 

reconfigurable nature of plasma, exciting the 

spherical MFE plasma lens increases the gain of the 

feed by approximately 6.5 dB, as illustrated in Fig. 

8, while deactivating the lens cancels the focusing 

effect. 

In summary, it is observed that using plasma 

dielectrics, a reconfigurable spherical MFE lens can 

be realized, although the distribution of the 

dielectric permittivity in the lens structure differs 

from conventional MFE lenses. In other words, the 

permittivity decreases from close to 1 at the center 

to 0.25 at the outer layer of the lens. Despite the 

significant difference in the values of refractive 

index or permittivity, a plasma-based MFE lens, 

similar to conventional MFE lenses, focuses on the 

radiated beam of the feed antenna. 

 
Fig. 6. Refractive index versus normalized radius of the 

plasma MFE lens. 
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Fig. 7. Snapshot of numerical E-field distribution of the 

plasma MFE lens at f = 10 GHz. 

 
 

Fig. 8. Simulated gain of the spherical plasma MFE lens 

antenna at f = 10 GHz. 

Now let us continue this section with a 

hemispherical plasma MFE lens. The structure 

comprises the waveguide feed, integrated with half 

of the ten-layer plasma-based spherical MFE lens 

designed in the previous step. The magnitude of the 

electric field before and after passing through the 

excited lens antenna, at the operating frequency of 

f = 10 GHz, is depicted in Fig. 9(a). Notably, by 

activating the plasma, the incident spherical wave 

transforms into a plane wave upon passing through 

the lens. Additionally, Fig. 9(b) presents a 3-D 

view of the simulated radiation pattern of this lens 

antenna. 

 

(a) 

 
(b) 

Fig. 9. (a) Magnitude of the electric field at 10 GHz 

before and after passing the hemispherical MFE plasma 

lens, (b) A 3-D view of the simulated radiation pattern of 

the hemispherical MFE plasma lens antenna. 

 
 

Fig. 10. Simulated gain of the hemispherical plasma MFE 

lens antenna at f = 10 GHz. 

The simulation results reveal a gain of 

approximately 19.9 dBi with a half-power 

beamwidth (HPBW) of around 12 degrees for the 

lens antenna. Moreover, the proposed lens exhibits 

a 12.8 dBi enhancement in gain, focusing the beam 

effectively, as demonstrated in Fig. 10. When the 

plasma is deactivated, the gain of the antenna 

structure decreases to that of the gain of the feed. 

Hence, the lens antenna proves to be reconfigurable, 

possessing the capability to regulate radiation gain 

and, consequently, the beamwidth. 

 PARAMETRIC ANALYSIS 

In this section, numerical simulations are 

conducted to evaluate the impact of varying the 

plasma bias characteristics on the performance of 

the proposed MFE lens. Furthermore, the effect of 

layer thickness within the lens is analyzed to 

determine the optimal number of layers for a 

constant lens radius.  

First, we consider the ten-layer hemispherical 

plasma MFE lens designed in the previous section 

as the baseline antenna. The goal is to assess how 
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deactivating certain plasma layers affects the 

radiation characteristics, as the plasma layers can 

be independently switched ON or OFF. Concerning 

the layer numbering in Fig. 5(b), Fig. 11 illustrates 

that deactivating the inner layers leads to a 

reduction in radiation gain. For example, when all 

plasma layers are OFF, the antenna gain is 8 dBi. 

Activating only layer 10 increases the gain to 12.2 

dBi, and further enhancement to 13.6 dBi is 

achieved when both layers 9 and 10 are ON. When 

all plasma layers are ON, the antenna achieves a 

maximum gain of around 19.9 dBi.  

This demonstrates the ability to dynamically 

control the radiation characteristics by adjusting 

the bias of individual lens layers. 

 

Fig. 11. Radiation gain as a function of the number of 

excited layers in the lens. 

In the next step, the effect of layer thickness on 

the antenna’s radiation characteristics is examined. 

It is evident that increasing the number of layers 

makes the lens behavior more like that of a truly 

inhomogeneous lens. However, reducing the 

number of layers simplifies the implementation. 

Therefore, a compromise must be made between 

optimizing radiation performance and minimizing 

implementation complexity.  

As shown in Fig. 12, reducing the thickness of 

the layers increases the radiation gain. However, for 

thicknesses of t = 5 mm and t = 10 mm, the radiation 

gains are nearly identical. Therefore, selecting t = 10 

mm can be considered the optimal layer thickness, 

offering a good compromise between performance 

and practicality. 

In summary, the parametric analysis 

demonstrates that by controlling the plasma layers 

one can dynamically adjust the gain, with an 

optimal layer thickness of t = R/10 providing the 

best trade-off between gain and implementation 

simplicity. 

 

Fig. 12. Radiation gain of the lens antenna for various 

layer thicknesses in the plasma MFE lens. 

 CONCLUSION  

This study investigated the feasibility and 

performance of utilizing plasma dielectric material 

within Maxwell Fish Eye (MFE) lens antenna 

structures for achieving reconfigurability. Through 

numerical simulations, it was demonstrated that 

plasma-based MFE lens antennas offer promising 

capabilities in dynamically tailoring radiation 

patterns and beam directions.  

The unique refractive index profile of plasma 

dielectrics and their impact on MFE lens design and 

performance were highlighted. By incorporating 

plasma dielectric material, reconfigurable lens 

antennas capable of enhancing beam focusing and 

gain were shown to be feasible. 
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 Controlling a spacecraft’s orbit and attitude is one of the most 

complicated problems in control engineering. Engineers encounter 

uncertainty and nonlinearity due to large flexible appendages and 

saturated electromechanical or electrohydraulic actuators. Control design 

methods for dealing with such problems may involve many calculations. 

Matlab software automates many design methods in its control system 

toolbox, providing algorithms for systematically analyzing, designing, 

and tuning linear control systems. Many other advanced design methods 

must also be automated to achieve fast and accurate controller design for 

more complex control systems. As a sample, plant uncertainty, prevalent 

in space systems, requires robust consideration in the design process. 

Quantitative feedback theory (QFT), as a powerful method for addressing 

such complex issues, requires plenty of calculations that make it 

necessary for the method to be automated. A QFT design toolbox is 

developed by Tersoft company. However, this toolbox cannot treat some 

practical issues, such as actuator saturation in its design process. In the 

QFT framework, saturation can be dealt with by Horowitz architecture 

or noninterfering loop architecture, containing an inner loop around the 

saturation element in the control loop. The circle criterion is a critical 

constraint on the inner loop transfer function, ensuring stability. This 

paper presents a comprehensive algorithm for automating the process of 

obtaining inner loop compensator design constraints, with detailed 

flowcharts to facilitate software development. To verify the proposed 

algorithm, the boundary on the saturation loop compensator, H(s), for a 

hydraulic actuator is determined using computer codes implemented in 

the Matlab environment. Intermediate and final results are presented to 

follow the calculations step by step up. Finally, the validity of this 

boundary is checked by placing its points into the circle criterion’s 

mathematical expression and observing if the resultant points fall outside 

the reference circle. 
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NOMENCLATURE 

DESCRIPTION SYMBOL 
Lower Limit Of Sector Nonlinearity 𝝁𝟏 
Upper Limit Of Sector Nonlinearity 𝝁𝟐 
Plant Output 𝑪 
Prefilter Transfer Function 𝑭 
Loop Shaping Transfer Function 𝑮 
Inner Loop Compensator Transfer 
Function 

𝑯 

Imaginary Part Of Complex Number 𝑪 𝓘𝑪 
Plant Transfer Function 𝑷 
Reference Input 𝑹 
Real Part Of Complex Number 𝑪 𝓡𝑪 
Input Of Saturation Element 𝑿 
Output Of Saturation Element, Plant 
Input 

𝒀 

 INTRODUCTION 

Aerospace systems are the most complex with various 

plant and environment nonlinearity and uncertainty 

complexities. Attitude and orbit control systems for 

uncertain plants, such as space systems with large flexible 

structures or their components such as nonlinear 

actuators, pose a quite challenging design problem in the 

presence of nonlinearities like actuator saturation [1-3]. 

One of the most powerful robust control design 

methods in the presence of plant uncertainty or 

nonlinearity is Quantitative Feedback Theory (QFT). At 

each frequency of interest, QFT imposes a boundary on 

the transfer function of the loop shaper, 𝐺(𝑠) [4]. 

However, in most practical problems, designing the 

transfer function 𝐺(𝑠) to shape the loop and determining 

the prefilter 𝐹(𝑠) to limit the system’s frequency response 

within a desired boundary are not the final stages of the 

design process. Various practical issues, such as plant 

input saturation, can lead to instability and performance 

degradation. To address the absolute stability problem 

arising from saturation, the noninterfering architecture 

proposed in [5] can be employed. The circle criterion 

proves the absolute stability of this architecture. 

As the stability and performance requirements impose 

boundaries on 𝐺(𝑠) in the first stage of design, the circle 

criterion determines some boundaries for 𝐻(𝑠) in the 

second stage of the design. Extracting the boundaries 

above from requirements typically involves a significant 

amount of calculations. Once the boundaries are 

determined, designing compensators that satisfy these 

boundaries also requires substantial effort. 

The Matlab software automates many classical 

control design methods [6]. Terasoft company has 

developed a QFT toolbox that automates the boundary 

calculation in the first design step [7]. Furthermore, [8] 

proposes a method to automate compensator synthesis in 

the first design stage. This paper contributes to 

developing an algorithm for automating the calculation of 

absolute stability boundaries in the second design stage 

for saturating plant input. 

In the next section, we briefly describe the suitable 

architecture within the QFT framework for addressing 

saturation in the loop. Ensuring stability under saturation 

using the circle criterion is introduced in section 3. The 

main contribution of this article is presented in section 4, 

which describes the algorithm for implementing the circle 

criterion in the QFT framework. In section 5, an 

illustrative example is used to examine the validity of the 

proposed algorithm. Finally, concluding remarks are 

presented in the last section of the paper. 

 LOOP ARCHITECTURE FOR 

TREATING SATURATION 

The QFT framework has two main architectures for 

treating saturation to achieve the desired stability and 

performance. The first is based on Horowitz's opinion, 

which affects the design of 𝐺(𝑠) [9]. Another approach 

can be used to simplify the design process, consisting of 

two steps. In the first step, two controllers, 𝐺(𝑠) and 

𝐹(𝑠), are designed using a common QFT design 

procedure, ignoring the saturation. In the second step, 

controller 𝐻(𝑠) is designed to reduce the undesired 

effects of plant input saturation. Fig. 1 shows this 

noninterfering architecture for addressing saturation in 

the plant input [10]. The term "noninterfering" is used 

because the compensator 𝐻(𝑠) is not active until the plant 

input saturates. According to this architecture, the loop 

transmission around the saturation element 𝐿𝑛 can be 

written as follows. 

 

 

Fig. 1. Noninterfering control architecture [5]. 
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𝐿𝑛 = −
𝑋

𝑌
=

𝐿 − 𝐻

1 + 𝐻
 (1) 

 

Where, 𝐿 = 𝐺𝑃. 

To ensure stability and achieve desired performance 

𝐻(𝑠) must satisfy certain constraints [5]. In this article, 

only the circle criterion, a constraint associated with 

stability, is considered. The next section briefly explains 

the circle criterion, and readers can refer to reference [11] 

for more details. 

2.1 Applying the Circle Criterion 

In the scalar case, the circle criterion for a sector 

nonlinearity 𝑁 ∈ [𝜇1, 𝜇2] with 𝜇2 > 𝜇1 states that the 

system presented in Fig. 1 is absolutely stable if the 

transfer function 

𝑍(𝑠) =
1 + 𝜇2𝐿𝑛(𝑠)

1 + 𝜇1𝐿𝑛(𝑠)
 (2) 

is strictly positive real [11]. Strictly positive realness, 

at first, requires it is not identically zero. 𝑍(𝑠) is 

identically zero if and only if 𝐿𝑛(𝑠) = − 1 𝜇2⁄  . This is a 

highly unusual scenario in practice because 𝐿𝑛 is dynamic 

and depends on frequency. The second condition is that 

𝑍(𝑠) must be Hurwitz, and the third condition is 

expressed by Eq. (3). 

Re [
1 + 𝜇2𝐿𝑛(𝑗𝜔)

1 + 𝜇1𝐿𝑛(𝑗𝜔)
] > 0, ∀𝜔 ∈ ℝ (3) 

Now, there are three different cases depending on the 

sign of 𝜇1: 

a) 0 < 𝜇1 < 𝜇2, 

b) 0 = 𝜇1 < 𝜇2 and 

c) 𝜇1 < 0 < 𝜇2. 

In practice, saturation nonlinearity is typically 

categorized in case a, with the specific condition of 0 <
𝜇1 < 1. In this case, the third condition can be expressed 

as Eq. (4). 

Re [
1 + 𝐿𝑛(𝑗𝜔)
1

𝜇1
+ 𝐿𝑛(𝑗𝜔)

] > 0, ∀𝜔 ∈ ℝ (4) 

Inequality (4) is equivalent to inequality (5), which 

can be proven by expressing 𝐿𝑛 = 𝑅𝑒[𝐿𝑛] + 𝑖𝐼𝑚[𝐿𝑛] in 

inequality (4), simplifying the result, splitting the term 

1 𝜇1⁄ = 1 2𝜇1⁄ + 1 2𝜇1⁄ . By moving one of these terms 

to the right-hand side of the inequality, adding the term 

(1 𝜇1
2⁄ + 1) 4⁄  and finally, simplifying both sides of 

inequality leads to the following form of constraint. 

|𝐿𝑛(𝑗𝜔) +
1 𝜇1⁄ + 1

2
| >

1 𝜇1⁄ − 1

2
 (5) 

Fig. 2 depicts the graphical representation of 

inequality (5) in the Nyquist plane and illustrates that the 

circle criterion necessitates that 𝐿𝑛 does not penetrate 

region 𝐷. In this figure, the vectors 𝑟1 and 𝑟2 are equal to 

1 𝜇1⁄ + 𝐿𝑛 (𝑗𝜔) and 1 + 𝐿𝑛(𝑗𝜔), respectively. 

Although local absolute stability is guaranteed under 

𝐻(𝑠) with circle criterion satisfaction, it is still possible 

for limit cycles to occur, especially when the plant has a 

high type (i.e., 𝑛 ≥ 3) [12]. To address this issue, the 

describing function method can be used. This paper, 

however, only considers local absolute stability. 

 

Fig. 2. Graphical representation of the circle criterion [11]. 

Since the other element affecting 𝐿𝑛, i.e., the linear 

loop transmission 𝐿, has already been determined; the 

focus now is on designing the compensator 𝐻 such that 

𝐿𝑛 satisfies the circle criterion. By introducing the 𝜂 =

𝜃2 𝜃1 

q 

𝐷(𝜇1) 

−1      
−

1

𝜇1
      

𝑟2 

𝑟1 

𝐿𝑛(𝑗𝜔) 
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(1 𝜇1⁄ + 1) 2⁄  and 𝜅 = (1 𝜇1⁄ − 1) 2⁄  and expressing 𝐿𝑛 

in terms of the real component “ℛ” and the imaginary 

component “ℐ”, Eq. (5) may be reformulated as the 

following inequality. 

ℐ𝐿𝑛
2 > 𝜅2 − (ℛ𝐿𝑛

+ 𝜂)
2
 (6) 

Substituting of ℛ𝐿𝑛
 and ℐ𝐿𝑛

 from Eq. (1) and 

simplifying the resulting expression leads to inequality 

(7), which defines the admissible region for 𝐻 in the 

Nyquist plane. 

{
ℐ𝐻 > 𝒜ℛ𝐻 − ℬ;   ℐ𝐿 > 0
ℐ𝐻 < 𝒜ℛ𝐻 − ℬ;   ℐ𝐿 < 0

 (7) 

where, 𝒜 = − (1 + ℛ𝐿) ℐ𝐿⁄  and ℬ =

− ((1 + ℛ𝐿)(1 + 𝜇1 ℛ𝐿) + 𝜇1 ℐ𝐿
2) (ℐ𝐿(1 − 𝜇1))⁄ . The 

inequalities (7) are linear, and their parameters i.e., 

slope 𝒜 and vertical intercept ℬ , are functions of 

linear loop transmission and 𝜇1. In plants with 

uncertainty, 𝒜 and ℬ may vary in certain ranges. 

Inequality (7) must be satisfied for all possible plant 

parameters. Each pair of plant parameters defines a line 

in the Nyquist plane, and the first and second 

inequalities of Eq. (7) correspond to the regions above 

and below the line ℐ𝐻 = 𝒜ℛ𝐻 − ℬ, respectively. Fig. 3 

illustrates the overall boundaries that express the 

constraint resulting from all possible plant parameters.  

 

Fig. 3. Schematic representation of circle criterion constraint on 𝐻 in Nyquist plane. 

A common approach for compensator design in the 

QFT framework is to express the constraints in Nichols 

plane, simplifying the design process and making it more 

intuitive. Section 4, which is the main contribution of this 

paper, addresses the algorithm for mapping the 

constraints from Nyquist to Nichols plane. 

 ALGORITHM FOR MAPPING 

THE ADMISSIBLE REGION FROM 

THE NYQUIST TO THE NICHOLS 

PLANE 

At first glance, the transformation of boundaries 

expressing the circle criterion constraint from the Nyquist 

plane to the Nichols plane may seem simple. However, as 

seen in the following paragraphs, this process has some 

details worth examining.  Firstly, how can the overall 

boundary be calculated in the Nyquist plane? 

3.1 Overall boundary determination in the 

Nyquist plane 

To calculate the overall boundary that satisfies the circle 

criterion for all possible plant variants in the Nyquist plane, 

the process should start from one end of the overall boundary 

schematically shown in Fig. 3. Here; the left side is selected. 

The upper boundary begins with the steepest lines at both 

ends, with the most negative slope on the left and the most 

positive slope on the right. If the lower boundary is 

applicable, the signs of slopes are switched. 

The algorithm starts with the sorting of slope and 

vertical intercept of lines in two separate row vectors 

1 

2 

3 

4 

ℐ𝐻 

ℛ𝐻 

Admissible region when  ℐ𝐿 > 0 

Admissible region when ℐ𝐿 < 0 
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𝑨 = {𝑎𝑖}1×𝑛𝑙
 and 𝑩 = {𝑏𝑗}

1×𝑛𝑙
, respectively, with 

descending/ascending order based on upper/lower 

boundary slopes. Here, 𝑛𝑙 is the number of plant variants. 

Next, two matrices are defined as 𝑿 = [∞]𝑛𝑙×𝑛𝑙
 and 𝒀 =

[0]𝑛𝑙×𝑛𝑙
 as initial values of abscissa and ordinate of all 

intercepts of each line pair, these matrices will be filled 

with true values according to Eq. (8). 

{
𝑥𝑖𝑗 = − (𝑏𝑖 − 𝑏𝑗) (𝑎𝑖 − 𝑎𝑗)⁄

𝑦𝑖𝑗 = 𝑎𝑖𝑥𝑖𝑗 + 𝑏𝑖

   ;    𝑖 ≠ 𝑗 (8) 

Sorting the lines based on their slopes, the pair of 

first columns of matrices 𝑋 and 𝑌 contain the intercepting 

points of the line with the most negative slope/most 

positive slope with other lines. Referring to Fig. 3, 

starting from 𝑥 = −∞ and sliding along the steepest 

applicable line draws the first part of the overall boundary 

up to the first intercepting point. The coordinate of this 

point is expressed by the smallest element of the first 

column of 𝑋 and its corresponding pair in the matrix 𝑌 

with the same position (𝑖1, 𝑗1). The next line on the 

overall boundary is the one that creates the first intercept 

in conjunction with the line of the most negative slope. 

Hence, the second line on the border corresponds to 𝑖1th 

column in matrices 𝑋 and 𝑌. Sliding along this line up to 

the next intercept. The abscissa of this point is expressed 

by the smallest element of the column 𝑖1th of matrix 𝑋, 
which is larger than 𝑋(𝑖1, 𝑗1). Its ordinate is the 

corresponding pair in matrix 𝑌 with the same position 
(𝑖2, 𝑗2). This process is continued until reaching the line 

with the most positive slope/ most negative slope and 

sliding along it to 𝑥 = +∞. 

3.2 Mapping a line from the Nyquist plane 

onto the Nichols plane 

As explained initially, Nichol’s chart facilitates 

compensator design, especially in the QFT framework. 

Therefore, the transformation of the borders from the 

Nyquist plane to the Nichols plane is discussed here. 

As observed, the overall boundary of the circle 

criterion in the Nyquist plane is a piecewise linear 

function. Therefore, the first step in mapping is to 

understand the projection of a line from the Nyquist 

plane to Nichol’s plane. The projection of a general 

line from the Nyquist plane to the Nichols plane is a 

U-shaped curve with an aperture of 180°. Its deepest 

point’s ordinate is equal to the distance of the line from 

the origin of the Nyquist plane on 𝑑𝐵 scale. The axis 

of symmetry of the curve lies at an angular position 

that is identical to the angle of the normal to the line 

from the origin of the Nyquist plane concerning the 

real axis. Phase angle in Nichols plane usually spreads 

in the domain of −360° ≤ 𝜙 ≤ 0 or −180° ≤ 𝜙 ≤ 180°. 

By definition, absolute gain or modulus ρ is assumed 

to be positive. Taking a left-hand side plot in Fig. 4 as 

an example (a1), when a radial beam sweeps the 

Nyquist plane from 𝜙 = −360°, there is no intercept 

with a boundary line up to 𝜑 = −2𝜋 + tan−1 𝑎 where 

𝑎 is the slope of the boundary line. 

 

 

 

Fig. 4. Graphical representation of the mapping of a region specified by a line from the Nyquist plane to the Nichols plane for ℐ𝐿 < 0. 

From 𝜑 up to 𝜑 + 180°, the modulus reduces from 

+∞ to a minimum value as described above and then 

increases back up to +∞. This mapping is presented in 

the right-hand side plots of Fig. 4, for example, (b1). 

Therefore, in the Nichols plane, some part of the phase 

axis corresponding to negative modulus values will not 

contribute to the domain of the mapped boundary. 

Depending on the sign of the slope and vertical 

intercept of the boundary line in the Nyquist plane, the 

mapped boundary in the Nichols plane shifts along the 

phase axis. The first row of Fig. 4 corresponds to the 

boundary line with positive slope and positive vertical 

intercept. The subsequent rows are associated with the 

other slope and vertical intercept sign combinations. In 
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these cases, mapping the boundary line from the Nyquist 

plane to the boundary curve in the Nichols plane can be 

explained as it was done for the first row. When the 

boundary line passes through the origin of the Nyquist 

plane, its projection onto the Nichols plane is a vertical 

line at the phase angle of tan−1 𝑎. 

3.3 Mapping the admissible region from the 

Nyquist plane onto the Nichols plane 

After mapping the boundary line from the Nyquist plane to 

the Nichols plane, the gray region above/below it that is 

admissible for 𝐻 as imposed by the first/second part of the 

condition (7), associated with the linear loop transmission with 

a positive/negative imaginary part i.e., ℐ𝐿 > 0 / ℐ𝐿 < 0 should 

be determined on the Nichols plane. When ℐ𝐿 < 0, as seen in 

the first row of Fig. 4, for 𝐻 to be in the gray region of the plot 

(a1), the absolute magnitude of 𝐻 should be smaller than 𝜌. 

Therefore, the admissible region for ‖𝐻‖ ≜ 20 log |𝐻| will be 

below the boundary curve in the Nichols plane, as shown in plot 

(b1). With a positive slope and negative vertical intercept, 

|𝐻| ≥ 𝜌 is required for 𝐻 to be in the gray region of the plot 

(a2), and consequently, the admissible region is above the 

boundary curve. Plot (b2) shows this region. The third and 

fourth rows of Fig. 4 can be explained similarly. When, ℐ𝐿 > 0, 

a similar explanation is applicable. 

3.4 Flowchart representation of the circle 

criterion implementation algorithm 

This section considers the algorithm for implementing 

the abovementioned process, using flowcharts to provide a 

straightforward guide for writing computer codes. The linear 

design phase leads to the loop transmission 𝐿(𝑗𝜔), which, 

for the domain of variations of system parameters in a 

desired frequency range, constructs a 𝑛𝜔 × 𝑛𝑙  matrix, 

where 𝑛𝜔 is the number of design frequency points. 

According to formulation in section 3, this matrix, together 

with 𝜇1, which is the lower limit of section nonlinearity 

saturation, are the inputs of the algorithm. The first step of 

the algorithm prepares the slope and vertical intercept of all 

boundary lines related to all possible plant variants the 

designer considers. At this step, the vectors of slopes and 

vertical intercepts are sorted in descending/ascending order 

based on the slopes vector, according to the applicability of 

the first/second inequalities in Eq. (7), as shown in Fig. 5. 

In the next step, finding all the intersecting points 

is shown in the flowchart in Fig. 6. Sorted vectors of 

slopes and vertical intercepts are the inputs to this 

algorithm step. The abscissa and ordinate of 

intersecting points are gathered in two 𝑛𝑙 × 𝑛𝑙 matrices 

𝑿 and 𝒀, respectively. The element in the position of 

the 𝑖th row and 𝑗th column of these matrices indicates 

the coordinate of the intersecting point of line 𝑖th and 

line 𝑗th. The main diagonal elements are set at the right 

end of the real axis. A schematic representation of 

matrix 𝑿 is shown in Fig. 7. 

Start

Enter L and µ1  

𝒜 = −
1 + ℛ𝐿

ℐ𝐿
 

ℬ = −
(1 + ℛ𝐿)(1 + 𝜇1ℛ𝐿) + 𝜇1ℐ𝐿

2

ℐ𝐿(1 − 𝜇1)
 

Sort      and    
based on       

𝒜 ℬ 
𝒜 

and𝒜 ℬ 
 

Fig. 5. Flowchart for preparing sorted vectors of the slopes and. 

vertical intercepts. 

Start

Read      and 

i>nl

No

𝑿 = [∞]𝑛 𝑙 ×𝑛 𝑙
 

𝒀 = [0]𝑛 𝑙 ×𝑛𝑙
 

i=1

j=1

j>nl

No

i~=j

i=i+1 Yes

𝑥𝑖𝑗 = −(𝑏𝑖 − 𝑏𝑗 ) (𝑎𝑖 − 𝑎𝑗 )⁄

𝑦𝑖𝑗 = 𝑎𝑖 𝑥𝑖𝑗 + 𝑏𝑖

 

j=j+1No

X and Y

𝒜 ℬ 

Yes Stop

 

Fig. 6. Flowchart for finding all the intercept points. 
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Fig. 7. Graphical representation of finding intersecting points 

on the overall boundary using matrix 𝑿. 

The flowchart in Fig. 8 can be used to find 

intersection points on the overall boundary. From the left 

of the Nyquist plane, the most negative slope/most 

positive slope line begins the overall boundary. The first 

column of matrix 𝑿 in Fig. 7 corresponds to this line. 

Sliding along this line up to the first intercept is associated 

with the smallest column element. This element is 

indicated by the lightest gray color in Fig. 7. The row 

number of this element is associated with the index of the 

next line, constructing the overall boundary. For the 

example shown in Fig. 7, row 7 is associated with the first 

intersection; consequently, line 7, represented by column 

7, is the second constructing line of the overall boundary. 

Again, sliding along this line leads to the next 

intersecting point on the overall boundary, shown by a 

slightly darker gray cell than the previous cell in 

schematic Fig. 7. The abscissa of this point is the smallest 

element of this column that is greater than the abscissa of 

the previous point. To satisfy this condition, the previous 

point’s abscissa is subtracted from all elements of the 

recent column. Therefore, the row number of the smallest 

positive element in the changed-pivot column is 

associated with the index of the next line on the overall 

boundary. This process continues until the line with the 

most positive/negative slope is reached, as shown 

graphically in Fig. 7 using arrows and gradually 

darkening cells in the schematic representation of matrix 

𝑿. Fig. 8 can be used to develop the computer code. 

At the end of this step, the coordinates of 

breakpoints on the overall boundary and the index of 

lines on this boundary are available. Provide the 

coordinate of the breaking points, the line with the 

most negative slope/most positive slope, and the line 

with the most positive slope/ most negative slope at the 

left and right of the overall boundary, entrance, and 

exit angles to and from each part of the boundary 

between two successive breaking point or entrance and 

exit angles to or from most right or most left part of the 

overall boundary can be calculated. The flowchart 

presented in Fig. 9 illustrates this process. 

Start

Read X and Y

im<nl

Change the pivot point of 
X(im,:) using

PC=X(im,:)-X(im,il) 
Stop No Yes

il=1

ibl=1

IBL(ibl)=il

im = Row no. of smallest 

element of X(:,ibl)

BP(ibl ,:) = [X(:,1) Y(:,1)] il=im

im = Index of smallest 

positive element of PC

BP(ibl ,:) = [X(im,il) Y(im,il)]

IBL, BP

ibl=ibl+1

IBL(ibl+1) = im

IBL(ibl+1) = im : row no. of 

smallest element of X(:,ibl)

 

Fig. 8. Flowchart for finding intersecting points on the overall boundary using matrix 𝑿. 
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Start

Read    , BP

Concatenate respectively

mod(atan2(BP(:,2),BP(:,1))*180/π,-360)

𝒜 

mod((-π +atan(   (1)))*180/π ,-360)𝒜 mod((-π +atan(   (end)))*180/π ,-360)𝒜 

φs 
 

Fig. 9. Flowchart for calculating the entrance and exit angles to and from each part of the overall boundary. 

Start

Read      and  

φ  0

Calculate r(φ,:) using Eq. 9 

StopNo

Yes

𝒜 ℬ 

φ=-360

φ=φ+Δφ r
 

Fig. 10. Flowchart for calculating the gain associated with the lines that contribute to the overall boundary in the absolute scale. 

The variable 𝐵𝑃 contains the coordinates of the 

breakpoints. The flowcharts in this paper use MATLAB 

functions and notations for brevity. The command 

“mod(𝜃, −360)” maps any angle 𝜃 in the range of 

[−360°, 0°]. The command “𝜃 = atan(𝑦 𝑥⁄ )” calculates 

𝜃 ∈ [− 𝜋 2⁄ , 𝜋 2⁄ ] and the command “𝜃 = atan2(𝑦, 𝑥)” 

calculates 𝜃 ∈ [−𝜋, 𝜋]. 
Up to this point, the required data for transferring the 

overall boundary from the Nyquist plane to the Nichols 

plane has been calculated. The final step is dedicated to 

the transformation. In this step, after transforming the 

boundary, it will be determined which side of the 

boundary is admissible for designing compensator 𝐻. 

By sweeping a radial beam in the Nyquist plane 

from −360° to 0°, when it intersects with the overall 

boundary, the upper or lower limit of |𝐻|, i.e., 𝜌, is 

equal to the length of the beam that can be calculated 

as follows. 

 

𝜌 =
ℬ(𝐼𝐵𝐿)

sin Φ − 𝒜(𝐼𝐵𝐿) cos Φ
 (9) 

Here, 𝛷 is the phase vector in the domain of 

[−360°, 0°] with a desired interval of 𝛥𝜙 and 𝜙 ∈ 𝛷 in 

the flowchart of Fig. 10 that calculates the modulus 

associated with the lines contributing to the overall 

boundary at each phase angle 𝜙. IBL is a vector that 

contains the indices of the lines contributing to the 

construction of the overall boundary. 
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Now, noncontributing parts of each line must be 

eliminated from the overall boundary in the Nichols 

plane. To achieve this, eight different conditions 

should be considered, as shown in Fig. 11. As seen in 

this figure, from the left-hand side, the first and third 

situations in the first row and the second situation in 

the second row have an interesting range of phase 

angle determined by inequalities in the reverse 

direction of other situations. 

 

  

Fig. 11. Angle range of interest in the various conditions of vertical intercept and entrance and exit angles, ϕ_min and ϕ_m ax 

denoted by • and ■, respectively. 

According to the above discussion, the flowchart 

in Fig. 12 provides the overall boundary of the 

admissible modulus of 𝐻(𝑗𝜔) in the 𝑑𝐵 scale for the 

angle range of interest. In this flowchart, 𝑛𝐿 is the 

number of lines that contribute to constructing the 

overall boundary, and 𝜙s is provided by the flowchart 

in Fig. 9. Here, 𝑁𝑎𝑁 (i.e., not a number) is borrowed 

from Matlab software. 

The final stage of the process is determining which 

side of the overall boundary is admissible. According to 

Eq.(7), if the linear loop transmission, which is the result 

of the first design step, has an imaginary part that satisfies 

ℐ𝐿 < 0 by returning to Fig. 4, the admissible value for 

𝐻(𝑗𝜔) in the Nichols plane is |𝐻(𝑗𝜔)| ≤ 𝜌 if the 

vertical intercept of the associated line in the Nyquist 

plane is positive and vice versa. On the contrary, if the 

resultant loop transmission from the first design step 

has an imaginary part that satisfies ℐ𝐿 > 0 by returning 

to Fig. 4, the admissible value for 𝐻(𝑗𝜔) in the Nichols 

plane is |𝐻(𝑗𝜔)| ≥ 𝜌 if the vertical intercept of the 

associated line in the Nyquist plane is positive and vice 

versa. 

After describing the algorithm, an example is 

solved, and its results are presented step by step to 

illustrate the process and validate the algorithm. 
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Start

Read r and φs

φmin -270 & -180  φmax  -90 &    (IBL(ibl))<0
Or

φmin -270 & φmax -90
Or

-270  φmin  -180 & φmax -90 &    (IBL(ibl))>0

φ=-360+iφΔφ

ibl=ibl+1

Stop

NoYes

φmin=min(φs(ibl),φs(ibl+1))
φmax=max(φs(ibl),φs(ibl+1))

ibl=1

φmin  φ φmax

r(iφ,ibl)=NaN

iφ=0

iφ=iφ+1

φ=-360+iφΔφ

φmin   φ  φmax

r(iφ,ibl)=NaN

iφ=0

iφ=iφ+1

||r||=20log(r)

ibl  nL

No

Yes

ℬ 

ℬ 

 

Fig. 12. Finalizing the boundary of the admissible modulus of 𝐻(𝑗𝜔) for representation in the Nichols plane. 

 EXAMPLE AND ALGORITHM 

VERIFICATION 

A wide variety of actuators, such as 

electromechanical, electromagnetic, and 

electrohydraulic types, are used is space applications. 

To examine the validity of the proposed algorithm, an 

electrohydraulic actuator is considered here. The 

transfer function of a hydraulic actuator, given by Eq. 

(10), is a customized form employed in [13], with 

inertial terms ignored and some differences in the 

numerical values of parameters. This transfer function, 

with actuator force as the output and the excitation 

voltage as the input, is used for the algorithm 

verification process. Saturation reflects itself in this 

plant as the limitation of the excitation voltage to 24 𝑣. 
 

(10) 𝑃 =
𝐾𝑠(𝐴𝑖 + 𝐴𝑜)

𝑅

(𝑑 + 𝑑𝑒)𝑠 + 𝑘𝑒

𝐷3𝑠3 + 𝐷2𝑠2 + 𝐷1𝑠 + 𝐷0

 

where, 

(11) 

𝐷0 = 𝐾𝑝𝑘𝑒

𝐷1 = 𝐴𝑖
2 + 𝐴𝑜

2 + 𝐾𝑝(𝑑 + 𝑑𝑒) + 𝐶𝑘𝑒 + 𝑘𝑒𝐾𝑝𝜏

𝐷2 = (𝐴𝑖
2 + 𝐴𝑜

2)𝜏 + (𝐶 + 𝐾𝑝𝜏)(𝑑 + 𝑑𝑒) + 𝐶𝑘𝑒𝜏

𝐷3 = 𝐶(𝑑 + 𝑑𝑒)𝜏
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and 𝐴𝑖 = 855 𝑚𝑚2, 𝐴𝑜 = 428 𝑚𝑚2, 𝑑 =
200  𝑁𝑠 𝑚2⁄  , 𝑑𝑒 = 100  𝑁𝑠 𝑚2⁄  and 𝑅=28 𝛺 represente 

the piston's extending side area, retracting the piston, 

retracting side area of the piston, damping coefficient of 

cylinder-piston contact region, damping coefficient of 

load and electrical resistance of proportional valve 

solenoid, respectively. The other parameters vary in the 

range listed in Table 1. 

Table 1. Nominal value and variation range of the plant 

parameters. 

Range Nominal 

value 
Description Parameter 

[267,985000] 5
× 105[𝑁
/𝑚] 

Load stiffness 𝑘𝑒 

[1,2]  × 10−3 1.5
× 10−3[𝑚3

/𝐴𝑠] 

Flow rate 

sensitivity to 

excitation 

current 

𝐾𝑖 

[−65,2650]
× 10−12 

−65
× 10−12 [𝑚2

/𝑠𝑃𝑎] 

Flow rate 

sensitivity to 

pressure 

difference  

𝐾𝑝 

[8.56,12.83]

× 10−15 
10.7
× 10−15 

Flow rate 

sensitivity to 

pressure rate 

𝐶 

[20,25] 22.5 𝑚𝑠 Solenoid time 

constant 
𝜏 

 

As the first stage of the design process, the nominal 

values listed in this table are used to shape the loop using 

the QFT method, which results in the following transfer 

function for the loop transmission 𝐿0 = 𝐺𝑃0. Details of 

this design stage are not presented for brevity, and readers 

can refer to [13] for more information. 

𝐿0 = 107 7.2𝑠3+6.7×102𝑠2+1.7×104𝑠+4.4×104

𝑠5+4×104𝑠4+106𝑠3+2.6×107𝑠2+1.3×107𝑠
        (12) 

The degrees of the numerator and denominator of 𝐿 

are the same as those as 𝐿0, but their coefficients vary 

depending on changes in the plant parameters. Assuming 

only the lower and upper limits of parameter variations 

listed in Table 1, there are 32 possible plant variants. 𝐻 

must be designed to satisfy the circle criterion for all 

variants. To examine the algorithm, 𝐿𝑛𝜔×𝑛𝑙
(𝑗𝜔) and 𝜇1 =

0.001 are used in this example. By implementing the 

flowcharts shown in Fig. 5, Fig. 6, and Fig. 8 for 

frequencies 𝜔 = 0.1 𝑟𝑎𝑑 𝑠⁄ , 𝜔 = 50  𝑟𝑎𝑑 𝑠⁄  and 𝜔 =

600 𝑟𝑎𝑑 𝑠⁄ , boundaries related to each variant of the 

plant are obtained. These boundaries are shown as dotted 

lines in Fig. 13. To ensure that the circle criterion is 

satisfied for all plant variants, 𝐻 must be designed 

accordingly. 

The solid lines in the first row of Fig. 13 represent 

the overall boundary that satisfies this condition, while 

the downward-filled triangles along the border indicate 

the region of admissibility. The Nyquist plane data for 

the boundary is used as input for the flowcharts shown 

in Fig. 9, Fig. 10, and Fig. 12 to obtain the admissible 

region in the Nichols plane. The outputs, i.e., the 

boundaries on |𝐻|𝑑𝐵 ≜ ‖𝐻‖ (represented by CCB), are 

presented in the second row of Fig. 13, with lower and 

upper limits indicated by black and gray colors, 

respectively. 

 

    

  

Fig. 13. Circle criterion boundaries for 3 selected frequencies, top plots: Nyquist representation, bottom plots: Nichols representation. 



 

  

 

 

Detailed Algorithm for Implementing Circle Criterion in QFT … Journal of Space Science and Technology 
Vol.17, Special Issue, 2024 

/ 43  

 
V. 

Behna

mgol, 

A.R. 

Vali 

and A. 

Moham

madi 
 

If 𝐻(𝑗𝜔) is designed to fall within the admissible 

region of the Nyquist or Nichols planes, as shown in Fig. 

13, then loop transmission around the saturation element, 

𝐿𝑛(𝑗𝜔), will not penetrate the circle centered at 

(− (−1 − 1 𝜇1⁄ ) 2⁄ , 0) with a radius (−1 + 1 𝜇1⁄ ) 2⁄  in 

the Nyquist plane. 

For validation, breaking points of the overall 

boundary in the Nyquist plane are selected as testing 

points and employed to generate associated points on 

𝐿𝑛(𝑗𝜔) according to Eq. (1). For all variants of plant at 

16 frequencies in the band 0.1 𝑟𝑎𝑑 𝑠⁄ ≤ 𝜔 ≤
600  𝑟𝑎𝑑 𝑠⁄ , 𝐿𝑛(𝑗𝜔) scatters in the Nyquist plane, as 

shown in Fig. 14. In part (a) of this figure, all points 

associated with all plant variants at 16 frequencies are 

presented. However, due to scale inconsistency, the circle 

of criterion is not visible in this part of the figure. Part (b) 

of this figure presents a magnified view of part (a) in the 

vicinity of the circle of criterion. As seen, there is no 

scattering of points in the region within the circle of 

criterion. This region is considered the forbidden region 

because the transfer function of the closed-loop system 

becomes unstable if the loop transmission around the 

saturation element penetrates this region. The absence of 

scattering in the forbidden region indicates that the 

algorithm properly calculates the overall boundaries. 

 

 

Fig. 14. Examining the algorithm by direct check using the 

circle of criterion in the Nyquist plane. 

 CONCLUSION 

QFT is a powerful, robust tool for designing 

controllers in the presence of plant uncertainty and input 

saturation, which are prevalent in space systems and 

components. One approach to achieve this is using 

noninterfering architecture, where a robust linear 

controller is first designed through loop shaping and 

prefiltering, ignoring saturation. Then, a loop is 

constructed around the saturation element to mitigate its 

undesired effects, and robust stability depends on 

satisfying the circle criterion.  

However, the computational cost of calculating the 

boundaries of the circle criterion makes automation 

necessary. This paper provides a detailed algorithm for 

implementing the circle criterion in practice, using 

flowcharts to facilitate computer code generation. 

An example demonstrates the algorithm, with 

intermediate and final results provided to track the 

process. Finally, direct validation confirms that the 

calculated overall boundary satisfies the circle 

criterion. 
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This study presents a method for implementing rigid satellite output 

feedback control that considers dynamic uncertainties and external 

disturbances, all while avoiding the need for velocity state 

measurement. The dynamics of a rigid satellite are first represented 

using the modified Rodrigues parameter (MRP) and then 

transformed into Euler-Lagrangian form to provide the state-space 

representation of the dynamics. The availability of angular velocity 

data for practical applications is often limited by cost or technical 

limitations. Consequently, angular velocity is considered to be 

immeasurable. In order to minimize the need for extra mathematical 

calculations and the creation of separate observers to estimate 

uncertainties and system states, a finite time disturbance observer 

(third order sliding mode (TOSM) observer) was used to 

simultaneously estimate both uncertainties and system states. The 

main component of the suggested controller incorporates the 

fractional order nonsingular terminal sliding mode technique, 

which guarantees stability within a finite time and avoids 

chattering. The simulation results of the proposed methodology 

have been presented and compared with the results of techniques 

available in the literature, showcasing the efficacy of the method 

described in this study and the enhancement of the findings of 

previous relevant research. 
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1. INTRODUCTION 

For a spacecraft's attitude control system to be 

deemed appropriate for space missions, it must meet 

rigorous performance criteria. The challenge of 

managing a satellite's orientation is both significant 

and pragmatic. The significance of this function in 

many space operations, such as satellite 

surveillance, space station docking and installation, 

and spacecraft formation flying [1], is likely the 

reason for the interest in this function. Over the last 

several decades, much study has been carried out on 

various approaches to address the problem. The 

tactics include classic linear control, optimal 

control, model predictive control, nonlinear control 

approaches, and intelligent control strategies. It is 

important to note that most current spacecraft 

attitude control algorithms rely on having accurate 

and immediate measurement data for both attitude 

orientation and angular velocity [1]. Nevertheless, 

the availability of angular velocity data for practical 

purposes may be limited due to financial limitations 

or implementation limitations. Microsatellites, for 

instance, may not have the capability to gather data 

on angular velocity. Implementing partial state 

feedback attitude control systems for spacecraft is 

attractive due to the practical factor involved. This 

difficulty, which involves the lack of easily 

available velocity measurement data, has been 

extensively examined in previous research. Several 

methods have been proposed in the literature to 

develop attitude controllers that do not rely on 

angular velocity [1-6]. Sliding mode control (SMC) 

is a popular option among the several methods 

available for addressing issues related to the control 

of aeronautical systems. Many academics have used 

sliding mode control (SMC) for controlling 

uncertain systems because of its rapid dynamic 

response, ability to handle lumped uncertainty, and 

comparatively simple design approach. Despite the 

many benefits, using a linear sliding function in 

conventional sliding mode control leads to the 

inability to guarantee the finite-time convergence of 

the system's state error. However, this remains the 

case despite the many benefits. To bypass this 

limitation, researchers have developed a technique 

called terminal sliding mode control (TSMC). 

Instead of using a linear sliding function [7-9], this 

technique employs nonlinear sliding functions 

throughout the design phase. TSMC achieves 

enhanced accuracy and rapid convergence via 

meticulous parameter configuration. However, 

conventional TSMC exhibits two significant 

constraints: 1) SMC exhibits a faster convergence 

time compared to the current method. 2) The current 

method encounters a singularity problem. Numerous 

significant investigations have been carried out to 

address these shortcomings. The use of fast TSMC 

(FTSMC) in combination with nonsingular TSMC 

(NTSMC) resolved every problem. To 

simultaneously tackle both of these problems, a 

method called nonsingular fast TSMC (NFTSMC) 

has been developed. The NFTSMC controller has 

been extensively used in various systems due to its 

exceptional features, such as finite-time stability, 

singularity removal, high tracking performance, and 

robustness against uncertainties. These attributes 

have enabled the NFTSMC to effectively rival other 

control methods [9]. 

Chattering arises due to the use of a switching 

gain in both classic SMC and NFTSMC during the 

reaching phase, combined with a substantial fixed 

sliding gain, in order to mitigate the impact of 

lumped uncertainty. The system is negatively 

affected, hence reducing the efficacy of both control 

mechanisms indicated before.  

Control approaches such as FTSMC or NTSMC 

have focused only on addressing specific 

vulnerabilities, disregarding the other weaknesses of 

the regular SMC. NFTSMC has the potential to 

rectify many limitations associated with traditional 

SMC or alternative control methods based on 

TSMC. However, including a high-frequency 

reaching control term into the control input of the 

aforementioned systems, such as TSMC, FTSMC, 

NTSMC, and NFTSMC, does not effectively reduce 

chattering. Consequently, several valuable control 

systems using high-order sliding mode control 

(HOSMC) have been suggested [10-11]. 

In recent years, there has been a significant 

amount of research conducted on applying control 

techniques based on terminal sliding mode to 

regulate the state of satellites [13-17]. This is due to 

the multiple benefits associated with these 

approaches. 

Two challenging components of developing a 

control system using SMC or TSMC are 

understanding the boundaries of external 

disturbances and dynamic uncertainties, as well as 

creating a precise dynamic model. These factors are 

not predetermined for real-world systems. Several 

computer methods have been devised to estimate 
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this undisclosed model, such as different forms of 

neural networks and fuzzy logic systems [18]. 

Nevertheless, to successfully finalize the design 

process, controller designers need access to precise 

velocity data, which is often unattainable in a 

functioning system owing to limitations imposed 

by cost and space restrictions. Thus, if state 

feedback strategies are employed for controller 

design methods, the aforementioned control 

systems are not feasible for practical 

implementation. Instead, output feedback 

strategies must be utilized to ensure practical 

implementation of the designed control system. 

To reduce or eliminate the chattering 

phenomenon, one might decrease the sliding gain of 

the switching element[12]. This is the core principle 

of the solution. Therefore, in order to account for the 

uncertainties, it is necessary to adjust the control 

signals by either fully or partially estimating the 

uncertainties. To address the estimated error caused 

by uncertainty, the switching element is now used. 

In order to achieve the sliding mode, the sliding gain 

will be adjusted to a lower value compared to the 

prior technique. The severity of the chattering 

phenomenon will decrease, depending on the 

precision of the estimating technique. 

Several academics have recently integrated 

fractional calculus with various control approaches, 

such as TSM and NTSM controllers. Fractional-

order controllers provide more flexibility in 

adjusting the time and frequency response of the 

closed-loop system. However, this is contingent 

upon their possessing a higher number of degrees of 

freedom (DOF) compared to their integer-order 

counterparts. Within the control world, fractional 

calculus is recognized as a potent tool that offers 

additional degrees of freedom, namely the order, 

which in turn allows for more flexibility in 

designing controllers with integer orders [19-20]. 

The use of fractional derivatives and integrals in 

sliding surfaces has several benefits, including 

strong resilience against uncertainties and external 

disturbances, enhanced reaction speed, avoidance of 

singularities, and rapid convergence rate [21]. 

Furthermore, extensive verification has shown that 

the fractional-order SM (FOSM) is capable of 

enhancing tracking and anti-disturbance 

performance when compared to the integer-order 

SM [19-21]. While these innovative controllers 

provide certain advantages in terms of delivering 

stability within a specific time frame, several studies 

fail to analytically analyze the stability and 

boundedness of the error signals after they reach the 

sliding surface. In other cases including a thorough 

stability investigation, the control rule often 

incorporates a fractional-order differentiator. 

Because the boundedness of the fractional-order 

differentiator has not been examined, the control 

law's boundedness cannot be completely ensured, 

unlike the fractional-order integrator. In addition, 

the use of FOSM controllers for spacecraft attitude 

control is limited, despite their many advantages. 

Several studies have shown that the use of a 

fractional-order controller (FOC) may improve the 

performance of control systems [19-20]. 

The basics of fractional order calculation, 

numerical calculations related to it, as well as their 

application in the design of fractional order 

control systems, have been discussed in detail in 

references [22-23], which can be referred to for 

further study. 

Several model-based strategies have been 

proposed in the literature to estimate the uncertainty 

of dynamic systems, including time delay estimation 

method-based observer, neural networks and fuzzy 

logic-based observer, second-order, third-order or in 

general high order sliding mode observers, and 

extended state observer [18]. Since the TDE 

approach is limited to estimating the capacity of 

unknown inputs, an additional observer is necessary 

to estimate the velocities of the system. It increases 

the complexity of the system and contributes to the 

duration required for computation. The neural 

observer's ability to acquire knowledge and provide 

exceptional approximations enables it to supply 

estimated data with unlimited accuracy. 

Specifically, it must have the capability to estimate 

both the overall uncertainty and the velocities of the 

system. Consequently, the system depends on a 

solitary observer. Although the use of learning 

techniques might enhance long-term performance, 

the need for an online learning mechanism may 

impede the system's immediate performance in the 

face of external disruption [18-24]. 

The ability to implement such a system in real-

world scenarios is also impeded by the intricacy of 

training neural network weights, which requires 

substantial computer resources. 

Observers using fuzzy logic encounter 

comparable difficulties to those employing neural 

networks. In conclusion, it can be said that 

intelligent learning methods have the capability to 
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assess the uncertainty in the system. However, their 

implementation is complex due to the involvement 

of several weighting elements or fuzzy rules. 

Although traditional extended state observers 

possess the capability to estimate system states and 

uncertainty using a single observer, they suffer 

from inaccuracies and the estimation process is not 

finite time. 

The second-order sliding mode (SOSM) 

observer is distinguished from other observers by its 

capability to estimate system velocities and 

uncertainties using finite-time error estimates [25]. 

This confers a competitive edge to the SOSM 

observer. The SOSM observer's output injection, 

used to estimate uncertainty, has a discontinuous 

term that leads to an unpleasant chattering 

phenomenon [18,24-26]. However, it is important to 

note that the velocity prediction produced using this 

approach is very precise and demonstrates little 

chattering compared to other methods. To restore 

the uncertainty, it is necessary to use a low-pass 

filter [18,24-26]. Conversely, this leads to a delay in 

the estimating process and a decrease in the 

accuracy of the SOSM observer's estimations. The 

third-order sliding mode (TOSM) observer, in 

comparison to the SOSM observer, offers improved 

estimation accuracy and less chattering when 

estimating lumped uncertainty. Furthermore, the 

TOSM observer retains almost all of the advantages 

linked to the SOSM observer. The TOSM observer 

has gained popularity among several experts [18,24-

26] because of its significant benefits in regulating 

uncertain systems. 

Consequently, recent studies have focused on 

the TOSM observer, which can provide a consistent 

output injection. Consequently, the compulsory 

filtering that was part of the SOSM observer has 

been eliminated. In the current study, the TOSM 

observer was used to determine both the velocities 

and uncertainties of rigid spacecraft systems, 

without the need for any filtering methods. Once 

convergence occurs, the anticipated velocity is 

replaced by the actual velocity signal. As a 

consequence, the design of the controller becomes 

more streamlined. 

This work proposes the use of a fractional-order 

NTSMC as a way for accurate attitude control of 

rigid spacecraft, based on the acquired information 

from disturbance observer. The proposed approach 

obviates the necessity for real-time data on the 

system's velocity by leveraging an observer. 

This proposed control approach allows us to get 

a control law that has desired attributes, including 

robustness in the presence of errors, high accuracy, 

non-singularity, removal of chattering, and finite-

time stability, all without the need for angular 

velocity measurement. 

2. MRP-BASED ATTITUDE 

DYNAMICS 

The literature has extensively discussed the 

dynamics and kinematics of satellites, using several 

methodologies, each with its own advantages and 

disadvantages. Various methods, such as Eulerian 

angles, Euler-Rodrigues parameters (in Quaternion 

formulation), Cayley-Klein parameters, and Cayley-

Rodrigues parameters, are used to describe the 

movement and behavior of satellites. Most control 

applications need parameterizations where the 

singularity is located at a significant distance from 

the origin. The assessment of attitude often uses the 

quaternion representation as a parameterization. 

When manipulating quaternions, the kinematic 

equations exhibit linearity concerning angular 

velocities, and there are no instances of singularities 

for any rotation of the Eigen axis in combination 

with an algebraic attitude matrix. Due to the use of 

four components in the quaternion parameterization 

to depict attitude motion, the quaternion 

components are neither minimum nor independent. 

Therefore, it is necessary for the quaternion to 

possess a norm of one [13-14]. 

In addition, the use of quaternion representation 

in the kinematic equations eliminates the possibility 

of singularities. However, due to the additional 

parameters needed for quaternions, this 

parameterization strategy is not minimal. Recently, 

the modified Rodrigues parameters (MRP) have 

been used in spacecraft control applications due to 

their ability to allow rotations of up to 360 degrees 

[13-14]. The Rodrigues parameters provide a 

concise representation in three dimensions. 

Regrettably, the presence of a singularity while 

performing 180-degree rotations makes this 

parameterization challenging to use for really large 

degrees of rotation. Employing rotations of fewer 

than 180 degrees in each consecutive revolution 

may perhaps help address this problem. The use of 

this portrayal of attitude yields the following 

advantages: The parameters enable rotations of 360 

degrees and provide a basic parameterization. 
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Constructing observers and estimators to 

estimate satellite attitude is often essential. 

Utilizing the modified Rodrigues parameters 

technique, instead of the quaternion method, 

would streamline the mathematical control design 

process and reduce computational requirements. 

In the current work, we will use this modeling 

method to analyze and describe the satellite's 

dynamics and kinematics concerning the 

controller being examined. 

In the event where 𝜎 ∈ ℛ3 stands in for the 

MRP, as specified by [13-14], then we have: 

Where 𝑒̂ = [𝑒1 𝑒2 𝑒3] is a rotation around 

the central axis and is a rotation about the Euler 

axis in the body frame. Here is a 𝜎 based 

description of the system's attitude kinematics: 

𝜎̇ = 𝛤(𝜎)𝜔 (2) 

Where 𝜔 represents the angular velocity 

components expressed in a body axis frame 
[𝑥 𝑦 𝑧] relative to an inertial frame [𝑋 𝑌 𝑍] 
and 𝛤(𝜎) equation is as follows [12-14]: 

𝛤(𝜎) =
1

4
[(1 − 𝜎𝑇𝜎)𝐼3×3 + 2𝑆∗(𝜎)

+ 2𝜎𝜎𝑇] 
(3) 

𝐼3×3 is the identity matrix, while the matrix 

𝑆∗(𝜎) is a skew-symmetric matrix written in the 

following form [15]: 

𝑆∗(𝜎) = [

0 −𝜎3 𝜎2

𝜎3 0 −𝜎1

−𝜎2 𝜎1 0
] (4) 

When the control inputs 𝑢(𝑡) ∈ ℛ3 and the 

external disturbances 𝑑(𝑡) ∈ ℛ3 are taken into 

consideration, the dynamics of the rigid spacecraft 

may be represented as follows [13-15]: 

𝐽𝜔̇ = −𝑆∗(𝜔)𝐽𝜔 + 𝑢(𝑡) + 𝑑(𝑡) (5) 

Where 𝐽 ∈ ℛ3 refers to the matrix that 

represents the moment of inertia and 𝑆∗(𝜔) refers 

to the skew-symmetric matrix that represents the 

angular velocity. The following is a Lagrangian 

version of the dynamics of the spacecraft's attitude 

stabilization [13-15], which is derived by using 

Equations (2) and (5): 

𝑀(𝜎)𝜎̈ + 𝐶(𝜎, 𝜎̇)𝜎̇ = 𝜏 + 𝜏𝑒𝑥𝑡 (6) 

Different components of the aforementioned 

equation may be written as follows: 

𝑀(𝜎) = 𝛤(𝜎)−𝑇𝐽𝛤(𝜎)−1 (7) 

𝐶(𝜎, 𝜎̇)

=  −𝛤(𝜎)−𝑇𝐽𝛤(𝜎)−1𝛤̇(𝜎)𝛤(𝜎)−1 

    −𝛤(𝜎)−𝑇𝑆∗(𝐽𝜔)𝛤(𝜎)−1 

(8) 

𝜏 = 𝛤(𝜂)−𝑇𝑢(𝑡) (9) 

𝜏𝑒𝑥𝑡 = 𝛤(𝜂)−𝑇𝑑(𝑡) (10) 

The state space form of dynamic equations is 

often utilized in controller design for nonlinear 

systems. With the assumptions of 𝑥1 = 𝜎 and 𝑥2 =
𝜎̇, the satellite dynamic equations may be written 

in the following state space form: 

{
𝑥̇1 = 𝑥2                            

𝑥̇2 = 𝑓(𝑥) + 𝑔(𝑥)𝑢 + 𝑑∗ (11) 

Where 𝑓(𝑥) = 𝑀−1(𝜎)𝐶(𝜎, 𝜎̇)𝜎̇, 𝑔(𝑥) =
𝑀−1(𝜎)𝛤(𝜎)−𝑇 and 𝑑∗ = 𝑀−1(𝜎)𝛤(𝜎)−𝑇𝑑(𝑡) 

Whereas 𝑑∗ is the unknown bounded external 

disturbances |𝑑∗| ≤ δ𝑑. The two functions 

represented by 𝑓(𝑥) and 𝑔(𝑥) are considered here, 

each of which may be expressed as the sum of a 

nominal function and an unknown but limited 

uncertainty: 

{
𝑓(𝑥) = 𝑓0(𝑥) + Δ𝑓(𝑥); |Δ𝑓(𝑥)| ≤ δ𝑓

𝑔(𝑥) = 𝑔0(𝑥) + Δ𝑔(𝑥); |Δ𝑔(𝑥)| ≤ δ𝑔
 (12) 

Using Eq. (12) in place of Eq. (11), we get: 

{

𝑥̇1 = 𝑥2                            

𝑥̇2 = 𝑓0(𝑥, 𝑡) + 𝑔0(𝑥, 𝑡)𝑢 + Δ(𝑥, 𝑡)
𝑦 = 𝑥                                 

 (13) 

The system total lumped uncertainty is 

denoted by Δ(𝑥, 𝑢, 𝑡) = Δ𝑓(𝑥) + Δ𝑔(𝑥)𝑢 + 𝑑∗. 

With the assumption of a maximum value for the 

control inputs |𝑢| ≤ 𝛿𝑢, the following may be 

written: 

|Δ(𝑥, 𝑡)| ≤ |Δ𝑓 + Δ𝑔𝛿𝑢 + δ𝑑| 

 ≤ |δ𝑓 + δ𝑔𝛿𝑢 + δ𝑑|  ≤ ∆𝐷              
(14) 

3. CONTROLLER DESIGN  

To design the controller, we first define the 

sliding surface as follows: 

𝜎 = [𝜎1 𝜎2 𝜎3]𝑇 = 𝑒̂ tan
𝜃

4
 (1) 
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Where  𝑠𝑖𝑔(𝑒̇)𝜂 = |𝑒̇|𝜂𝑠𝑖𝑔𝑛(𝑒̇), and 1 < 𝜂 <

2. Once 𝑠 = 0 is achieved, the sliding mode 

surface Eq. (18) may be expressed in the 

following manner: 

The time 𝑇𝑠 required for the tracking error 𝑒(𝑡) 

to approach zero is provided in reference [27]: 

Once the appropriate sliding surface, as 

defined by Eq. (18), has been determined, the 

subsequent task is to develop a NTSMC that will 

guide system of Eq. (13) towards this sliding 

surface. As per the sliding mode design approach, 

the control input 𝑢 is composed of two components 

𝑢 = 𝑢𝑒𝑞 + 𝑢𝑆𝑀𝐶. The equivalent control, denoted 

as 𝑢𝑒𝑞, is derived by solving the equation 𝑠̇ = 0 for 

the nominal system, disregarding any errors or 

external disturbances. By differentiating Eqs. (15) 

concerning time, one obtains: 

By rewriting Eqs. (13), 𝑒̈ becomes: 

By replacing the Eqs. (19) with Eqs. (18), we get: 

Given the constraint 𝑠̇ = 0, one can choose the 

appropriate control law as: 

The switching control is constructed in the 

following manner:  

Next, the overall control 𝑢 is determined: 

𝑢 = 𝑢𝑒𝑞 + 𝑢𝑆𝑊

=
1

𝑔0(𝑥, 𝑡)
(𝑥̈𝑑(𝑡) − 𝑓0(𝑥, 𝑡) −

𝜆𝑒̇

𝜂
|𝑒̇|1−𝜂 − 𝐾𝑠𝑖𝑔𝑛 (𝑠))

 (23) 

3.1 Design of FO-NTSMC 

For the design of FO-NTSMC, some of the 

main concepts of fractional order calculus are 

explained below. 

A fractional operator is a generalization of the 

differential and integral operators, indicated by the 

fundamental operators 𝑡0𝐷𝑡
𝛼, 𝑡0𝐼𝑡

𝛼. These operators 

have a simple formulation as follows: 

Definition 1. Function 𝑥(𝑡)'s 𝛼 -order 

Riemann-Liouville fractional integration may be 

expressed as 

  (24)  𝑡0
𝐼𝑡

𝛼𝑥(𝑡) =
1

Γ(𝛼)
∫𝑡0

𝑡
 (𝑡 − 𝑠)𝛼−1𝑥(𝑠)𝑑𝑠 

Given that 𝛼 ∈ 𝑅+, 𝑡0 represents the starting 

time, and 𝛤(𝛼) refers to Euler's Gamma function: 

 𝑡0
𝐷𝑡

𝛼𝑥(𝑡) = 

𝑑𝛼𝑥(𝑡)

𝑑𝑡𝛼
=

1

Γ(𝑚 − 𝛼)

𝑑𝑚

𝑑𝑡𝑚
∫𝑡0

𝑡
 (𝑡

− 𝑠)𝑚−𝛼−1𝑥(𝑠)𝑑𝑠 

(25) 

That is, 𝑚 is the first integer greater than 𝛼, 

where 𝑚 − 1 ≤ 𝛼 < 𝑚. 

Definition 2. The function 𝑥(𝑡)'s 𝛼 -order 

Caputo fractional derivative is expressed as: 

(26) 

 𝑡0
𝐷𝑡

𝛼𝑥(𝑡) =
𝑑𝛼𝑥(𝑡)

𝑑𝑡𝛼

=
1

Γ(𝑚 − 𝛼)
∫

𝑡0

𝑡
 (𝑡

− 𝑠)𝑚−𝛼−1
𝑑𝑚

𝑑𝑠𝑚
𝑥(𝑠)𝑑𝑠 

Where 𝑚 is first integer greater than 𝛼. For the 

Riemann–Liouville derivative, the following 

equivalence is true: 

(27)  𝑡0
𝐼𝑡

𝛼( 𝑡0
𝐷𝑡

𝛼𝑥(𝑡))

= 𝑥(𝑡)

− ∑𝑖=1
𝑚  [𝑡0𝐼𝑡

𝑖−𝛼𝑥(𝑡)]
𝑡=𝑡0

(𝑡 − 𝑡0)𝛼−𝑖

Γ(𝛼 − 𝑖 + 1)
 

Assumed that 𝑥(𝑡) is a function with integrable 

fractional derivative 𝑡0
𝐷𝑡

𝛼𝑥(𝑡) (𝑚 − 1 ≤ 𝛼 < 𝑚). 

𝑠 = 𝑒 +
1

𝜆
𝑠𝑖𝑔(𝑒̇)𝜂 (15) 

0 = 𝑒 + (1/𝜆)𝑠𝑖𝑔(𝑒̇)𝜂 (16) 

𝑇𝑠 =
𝑚𝑎𝑥(𝑒(0))(1−1/𝜂)

𝜆(1/𝜂)(1 − 1/𝜂)
 (17) 

𝑠̇ = 𝑒̇ +
𝜂

𝜆
|𝑒̇|𝜂−1𝑒̈ (18) 

𝑒̈ = 𝑓0(𝑥, 𝑡) + 𝑔0(𝑥, 𝑡)𝑢(𝑡) + Δ(𝑥, 𝑡)
− 𝑥̈𝑑(𝑡) 

(19) 

𝑠̇ = 𝑒̇ +
𝜂

𝜆
|𝑒̇|𝜂−1(𝑓0(𝑥, 𝑡)

+ 𝑔0(𝑥, 𝑡)𝑢(𝑡)
+ 𝛥(𝑥, 𝑡) − 𝑥̈𝑑(𝑡)) 

(20) 

𝑢𝑒𝑞 =
1

𝑔0(𝑥, 𝑡)
(𝑥̈𝑑(𝑡) − 𝑓0(𝑥, 𝑡)

−
𝜆𝑒̇

𝜂
|𝑒̇|1−𝜂) 

(21) 

− 𝑢SW =

−
1

𝑔0(𝑥,𝑡)
(𝐾sign (𝑠)) 

− (22) 
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Lemma 1 [30]. The operator 𝑡0
𝐼𝑡

𝛼, which 

represents fractional integration, is bounded and 

adheres to the following approximation∥∥ 𝑡0
𝐼𝑡

𝛼𝑥∥∥ ≤

𝐵 ∥ 𝑥 ∥. 

Theorem 1 [28]: Consider 𝑥 = 0 as a point of 

equilibrium for the nonautonomous fractional-

order system 𝑡0
𝐷𝑡

𝛼 = 𝑓(𝑥, 𝑡), where 𝑓(𝑥, 𝑡) fulfills 

the Lipschitz condition with a Lipschitz 

constant𝑙 > 0. Let us pretend that there is a 

Lyapunov function 𝑉(𝑡, 𝑥) that meets: 

(28) 𝛼1 ∥ 𝑥 ∥≤ 𝑉(𝑡, 𝑥) ≤ 𝛼2 ∥ 𝑥
∥  and 𝑉̇(𝑡, 𝑥) ≤ −𝛼3

∥ 𝑥 ∥ 

Where 𝛼 ∈ (0,1) and 𝛼𝑖 ∈ 𝑅+, 𝑖 = 1,2,3. 

Subsequently, the system's equilibrium point 

attains asymptotic stability. 

Theorem 2 [29]: Assume that 𝑥 = 0 is an 

equilibrium point for fractional order non-

autonomous system  𝑡0
𝐷𝑡

𝛼 = 𝑓(𝑥, 𝑡), where 𝑓(𝑥, 𝑡) 

applies in Lipschitz conditions with Lipschitz 

constant 𝑙 > 0. And there is a Lyapunov function like 

𝑉(𝑡, 𝑥) that applies in the following condition : 

(29) 𝛼1(∥ 𝑥 ∥) ≤ 𝑉(𝑡, 𝑥)
≤ 𝛼2(∥ 𝑥
∥) and  𝑡0

𝐷𝑡
𝛼𝑉(𝑡, 𝑥)

≤ −𝛼3(∥ 𝑥 ∥)  

Now, to design FO-NTSMC, we define the 

sliding surface as follows. 

Where 𝜂 ∈ (1,2), 𝜆 is a specified positive 

constant, and  𝑡0
𝐷𝑡

𝛼 is the fractional derivative of order 

𝛼 ∈ (0,1). By dividing the tracking error definition by 

Eq. (30) and adding it to Eq. (13), we get: 

(31) 

𝑠̇(𝑡) =  𝑡0
𝐷𝑡

𝛼+1𝑒(𝑡) +
𝜂

𝜆
𝑒̈(𝑡)|𝑒̇|𝜂−1 =  𝑡0

𝐷𝑡
𝛼+1𝑒(𝑡)

+
𝜂

𝜆
|𝑒̇|𝜂−1(𝑓0(𝑥, 𝑡) + 𝑔0(𝑥, 𝑡)𝑢 + 𝛥(𝑥, 𝑡) − 𝑥̈𝑑)

 

In order to get the equivalent control set 𝑠̇ = 0, 

the necessary response may be accomplished by 

selecting the control law as 𝑢 = 𝑢𝑒𝑞 + 𝑢𝑆𝑊, where: 

𝑢eq Serves as the corresponding control 

element for operating the nominal component of 

the system. 

The robust control item 𝑢SW is designed to 

effectively manage the lumped uncertainty Δ(𝑥, 𝑡). 

The theorem presented below demonstrates that the 

convergence speed of surface Eq. (30) surpasses 

that of the integer-order terminal sliding mode 

control, as defined by Eq. (19). 

o Stability Analysis 

To prove the stability of the proposed control 

system, we first define the Lyapunov function as 

follows: 

By taking the derivative of 𝑉 with respect to 

time and using Eq. (31), we get: 

(35) 
𝑉̇  = 𝑠𝑠̇

 = 𝑠 (
𝑡0𝐷𝑡

𝛼+1𝑒(𝑡)

+
𝜂

𝜆
|𝑒̇|𝜂−1(𝑓0(𝑥, 𝑡) + 𝑔0(𝑥, 𝑡)𝑢 + 𝛥(𝑥, 𝑡) − 𝑥̈𝑑)

)
 

 = 𝑠 (
𝑡0𝐷𝑡

𝛼+1𝑒(𝑡)

+
𝜂

𝜆
|𝑒̇|𝜂−1(𝑓0(𝑥, 𝑡) − 𝑥̈𝑑 + 𝛥(𝑥, 𝑡))

)

 +
𝜂

𝜆
|𝑒̇|𝜂−1𝑔0(𝑥, 𝑡)𝑢

 

It is possible to demonstrate that 𝑉̇ ≤ 0 as long 

as the switching gain |Δ(𝑥, 𝑡)| < ∆𝐷 . By replacing 

the Eq. (32) and Eq. (34) with Eq. (35), we get: 

Therefore, according to Theorem 1 the system 

states will asymptotically approach 𝑠(𝑡) = 0. 

Subsequently, we demonstrate that the 

discrepancy in tracking diminishes to zero within 

a finite time. Let 𝑡𝑟 represent the time it takes for 

the system states to reach the sliding surface. This 

time may be approximated using Eq. (36), which 

specifies that 𝑉̇(𝑠) = 𝑠𝑠̇ ≤ −(𝜂𝐾/𝜆)|𝑠|, where 

𝐾 = 𝑚𝑎𝑥{𝐾1, 𝐾2}. By integrating 𝑉̇(𝑡) with regard 

𝑠 =  𝑡0
𝐷𝑡

𝛼𝑒 +
1

𝜆
𝑠𝑖𝑔(𝑒̇)𝜂 (30) 

𝑢𝑒𝑞 =
1

𝑔0(𝑥, 𝑡)
(𝑥̈𝑑(𝑡) − 𝑓0(𝑥, 𝑡)

−
𝜆

𝜂
( 𝑡0

𝐷𝑡
𝛼+1𝑒(𝑡))|𝑒̇|1−𝜂) 

(32) 

𝑢SW = −
1

𝑔0(𝑥, 𝑡)
(𝐾1𝑠 + 𝐾2𝑠𝑖𝑔𝑛(𝑠)

+ ∆𝐷 ) 

(33) 

𝑉 = (1/2)𝑠2 (34) 

𝑉̇(𝑠) = 𝑠
𝜂

𝜆
|𝑒̇|𝜂−1 (

𝛥(𝑥, 𝑡) −

(𝐾1𝑠 + 𝐾2𝑠𝑖𝑔𝑛 (𝑠) + ∆𝐷 )
)

≤ 𝑠
𝜂

𝜆
|𝑒̇|𝜂−1 (

|𝛥(𝑥, 𝑡)| −
(𝐾1𝑠 + 𝐾2𝑠𝑖𝑔𝑛 (𝑠) + ∆𝐷 )

)

≤
𝜂

𝜆
|𝑒̇|𝜂−1(−𝑠𝐾1𝑠 − 𝐾2|𝑠|) ≤ 0

 (36) 
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to the final time 𝑡 = 𝑡𝑟 and observing that 𝑠(0) =
0, the value of 𝑡𝑟 can be determined as 𝑡𝑟 ≤
|𝜆𝑠(0)/𝜂𝐾|. Consider 𝑆𝑟 = 𝑖𝑛𝑓{𝑡 ≥ 𝑡𝑟: 𝑒(𝑡) = 0} 

as a stopping time for the states of the system. 

Next, we demonstrate the existence of a 𝑡𝑠 ∈
[𝑡𝑟, ∞) that satisfies 𝑆𝑟 ≤ 𝑡𝑠. Specifically, by 

applying the fractional integral to both sides of 

Eq. (30) throughout the time interval from 𝑡𝑟 to 𝑡, 

we get [27]: 

 𝑡𝑟
𝐼𝑡

𝛼( 𝑡𝑟
𝐷𝑡

𝛼𝑒(𝑡))

= 𝑒(𝑡) −  𝑡𝑟
𝐷𝑡

𝛼−1𝑒(𝑡)|
𝑡=𝑡𝑟

(𝑡 − 𝑡𝑟)𝛼−1

𝛤(𝛼)

= −
1

𝜆𝑡𝑟

𝐼𝑡
𝛼|𝑒̇(𝑡)|𝜂 

(37) 

Where 𝑡𝑟𝐷𝑡
𝛼−1𝑒(𝑡)|𝑡=𝑡𝑟

((𝑡 − 𝑡𝑟)𝛼−1/𝛤(𝛼)) =

0. By using the norm property, denoted as ∥ 𝛾𝑢 ∥=

|𝛾| ∥ 𝑢 ∥, for 𝛾 ∈ 𝑅, and employing the outcome of 

Lemma 1, (∥∥ 𝑡𝑟
𝐼𝑡

𝛼|𝑒̇(𝑡)|𝜂
∥∥ ≤ 𝐵∥∥|𝑒̇(𝑡)|𝜂∥∥), we get: 

∥ 𝑒(𝑡) ∥≤
𝐵

𝜆
∥∥|𝑒̇(𝑡)|𝜂∥∥ ≤

𝐵

𝜆
∥ 𝑒̇(𝑡) ∥𝜂 (38) 

Where 𝐵 and 𝜆 are constants with positive 

values. By performing the integral of both sides of 

Eq. (38) with respect to the integer order from the 

time 𝑡𝑟 to 𝑡𝑠 ∈ [𝑡𝑟, ∞), we may get the following 

result [27]: 

(39) 

|∫𝑡𝑟

𝑡𝑠
 (

𝜆

𝐵
)

1/𝜂

𝑑𝑠|  ≤ |∫𝑡𝑟

𝑡𝑠
 
𝑑(∥ 𝑒(𝑠) ∥)

∥ 𝑒(𝑠) ∥1/𝜂
| ⇒ 𝑡𝑠 − 𝑡𝑟

 ≤ (
𝐵

𝜆
)

1/𝜂 𝜂

𝜂 − 1
|∥∥𝑒(𝑡𝑠)∥∥

1−
1

𝜂 − ∥∥𝑒(𝑡𝑟)∥∥
1−

1

𝜂|

 

(40) 

𝑡𝑠 ≤ (
𝐵

𝜆
)

1/𝜂 𝜂

𝜂 − 1
∥∥𝑒(𝑡𝑟)∥∥

1−
1

𝜂 + 𝑡𝑟 

Thus, it follows that the tracking error 

approaches zero at the finite time and so concludes 

the proof of stability. 

Remark 1: It is important to highlight that 

to effectively manage significant uncertainties 

and external disturbances, the value of the 

switching item 𝐾2 in controller Eq. (33) has to be 

substantial. This leads to a significant occurrence 

of chattering phenomena. In previous studies, 

many other functions have been suggested to 

replace the sign function to reduce chattering. 

Among these alternatives, we use the function 
𝑆

√𝑆2+1
 as a replacement for the sign function. 

4. FINITE TIME DISTURBANCE 

OBSERVER DESIGN 

For a second-order nonlinear system with a 

generic dynamics equation in the form of Eq. (13), 

the TSOM design is as follows [18,24-26]: 

(41) 

𝑥̇̂1 = 𝜌1|𝑥1 − 𝑥̂1|2/3sign (𝑥1 − 𝑥̂1) + 𝑥̂2

𝑥̇̂2 = 𝑓0(𝑥̂) + 𝑔0(𝑥̂)𝑢 + 𝜌2|𝑥1 − 𝑥̂1|1/3sign (𝑥1 − 𝑥̂1) − 𝜑̂

𝜑̇̂ = −𝜌3 sign(𝑥1 − 𝑥̂1)      

 

Where 𝑥 is the estimation of 𝑥 and 𝜌𝑖 

represents the observer's gains. The estimation 

error can be obtained by dividing the Eq. (13) and 

Eq. (41) as follows: 

(42) 

𝑥̇̃1 = −𝜌1|𝑥̃1|2/3sign (𝑥̃1) + 𝑥̃2

𝑥̇̃2 = −𝜌2|𝑥̃1|1/3sign (𝑥̃1) + Δ(𝑥, 𝑢, 𝑡) − 𝑑(𝑥, 𝑥̃, 𝑢, 𝑡) + 𝜑̂

𝜑̇̂ = −𝜌3sign (𝑥̃1)

 

Where 𝑥̃ = 𝑥 − 𝑥 represents the estimation 

error of the system states and the uncertainty 

estimation error function is written as follows: 

(43) 

{
𝑑(𝑥, 𝑥̃, 𝑢) = {𝑓0(𝑥̂) + 𝑔0(𝑥̂)𝑢} − {𝑓0(𝑥) + 𝑔0(𝑥)𝑢}

Δ̂(𝑥, 𝑥̂, 𝑢, 𝑡) = Δ(𝑥, 𝑢, 𝑡) − 𝑑(𝑥, 𝑥̃, 𝑢, 𝑡)
 

It is important to acknowledge that the error of 

estimating uncertainty is expected to be limited by 

∥ 𝑑(𝑥, 𝑥̃, 𝑢, 𝑡) ∥≤ Υ. 

Hence, the observer equation expressed in 

equation (21) may be restated as: 

(44) 

𝑥̇̃1 = −𝜌1|𝑥̃1|2/3sign (𝑥̃1) + 𝑥̃2

𝑥̇̃2 = −𝜌2|𝑥̃1|1/3sign (𝑥̃1) + Δ̂(𝑥, 𝑥̂, 𝑢, 𝑡) + 𝜑̂

𝜑̇̂ = −𝜌3sign (𝑥̃1)

 

The observer equation may be expressed by 

introducing the new variable 𝜑̂0 = Δ̂(𝑥, 𝑥, 𝑢, 𝑡) + 𝜑̂ 

as follow: 

(45) 𝑥̇̃1 = −𝜌1|𝑥̃1|2/3sign (𝑥̃1) + 𝑥̃2

𝑥̇̃2 = −𝜌2|𝑥̃1|1/3sign (𝑥̃1) + 𝜑̂0

𝜑̇̂0 = −𝜌3 sign(𝑥̃1) + Δ̇̂(𝑥, 𝑥, 𝑢, 𝑡)

 

The equation provided represents the TOSM 

observer in its ultimate form, referred to as the 
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standard form of the second-order robust exact 

differentiator. This form ensures finite temporal 

stability, as shown in references [17-20]. By 

appropriately selecting the parameter values of the 

observer, the estimated errors of the states and 

uncertainties of the system will reach a value of 

zero within a limited amount of time. The settings 

for the TOSM observer may be chosen based on the 

findings of the research referenced in [17] in the 

following manner: 

(46) {
𝜌1 = 𝜆1𝐿1/3, 𝜌2 = 𝜆2𝐿2/3, 𝜌3 = 𝜆3𝐿

𝜆1 = 2, 𝜆2 = 2.12, 𝜆3 = 1.1
𝐿 = Λ + Υ

 

To calculate the uncertainty function of the 

system, it is essential to acknowledge that once the 

observer converges, the estimated state values will 

correspond to the actual state values of the system. 

Consequently, the error function used to estimate 

uncertainty will converge to zero (𝑥1 = 𝑥1, 𝑥2 =

𝑥2 → 𝑑(𝑥, 𝑥̃, 𝑢, 𝑡) = 0). 

Hence, the third component of the observer's 

equation may be expressed in the following 

manner: 

(47) 𝜑̇̂0 = −𝜌3sign (𝑥̃1) + Δ̇̂(𝑥, 𝑥, 𝑢, 𝑡)
≡ 0 

Hence, the calculation of the system's 

uncertainty estimation function may be determined 

in the following manner: 

(48) Δ̂(𝑥, 𝑥, 𝑢, 𝑡) = ∫ 𝜌3sign (𝑥̃1) 

Given that the uncertainty function estimation 

in Eq. (48) has an integral component, the use of a 

low-pass filter is unnecessary for reconstructing 

the uncertainty estimation from the output injection 

term. The exceptional attribute of the TOSM 

observer enables more accurate estimations 

compared to conventional sliding mode-based 

observers. 

To simulate the designed FTDO-based control 

system and its implementation, as well as to prove 

the stability, it is enough to insert the values 

obtained from the observer related to states and 

disturbance (lumped uncertainty) into the 

equations related to the controller design. 

The issue that needs to be taken into 

consideration here is related to the interaction 

between the stability type of the observer and the 

controller. If the observer used in a control structure 

has asymptotic stability and the designed control 

system has finite time stability, it is possible that the 

control system as a whole does not have finite time 

stability. Therefore, after proving the stability of the 

observer and controller separately, the stability of 

the control system set should be checked once again 

considering the estimated values for the states and 

uncertainties of the system. Also, if the observer 

used has finite time stability, it will provide the 

guarantee that the estimated values of the system 

states will converge to the real values of the system 

states after a finite time and will be equivalent. 

Therefore, there is no need to prove the stability of 

the control system by placing the estimated values 

of the system states and uncertainties obtained from 

the observer [26]. In the current research, 

considering that the observer used is of the third-

order sliding mode type and has finite time stability, 

therefore, re-proving the stability of the presented 

control system in combination with the observer will 

not be required, and proving the stability of the 

observer and controller independently of each other 

is sufficient. 

Remark 2. One of the important points about 

fractional-order controllers is the challenge of their 

practical implementation. Given that the process of 

calculating fractional-order derivatives is different 

and more complex than natural-order derivatives, the 

question arises whether these methods can be 

implemented in practice, regardless of the results 

obtained from theoretical simulations. In recent years, 

considerable efforts have been made by researchers 

for this purpose, and fractional-order controllers have 

been successfully tested in practice in controlling 

various dynamic systems, and similar results have 

been obtained with the results obtained from 

theoretical simulations. As an example, we can refer 

to the research conducted in [13-15]. Therefore, 

based on the research conducted, it can be said that in 

the problem of controlling the attitude of satellites, 

the advantages of fractional-order control methods 

can be used in practice to improve tracking accuracy, 

convergence speed, and control system robustness. In 

this study, the simulations were designed to 

incorporate realistic satellite dynamics, including 

parametric uncertainties and external disturbances, as 

encountered in actual missions. The inclusion of 

these factors ensures that the testing conditions 

closely emulate practical scenarios. The proposed 

fractional-order sliding mode controller (FOSMC) 

and third-order sliding mode disturbance observer 

(TOSMDO) are designed to be computationally 
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efficient and implementable on existing satellite 

onboard processors. The methods primarily rely 

on measurable or estimable states, making them 

practical for real-time operations. Additionally, 

the robustness of FOSMC to parametric 

uncertainties and disturbances is advantageous for 

satellites operating in uncertain and varying 

conditions. While fractional-order controllers 

may introduce additional computational 

complexity compared to integer-order controllers, 

advancements in onboard computational 

capabilities and optimized algorithms can 

mitigate these concerns. Moreover, the third-order 

sliding mode disturbance observer relies on high-

gain properties, which are sensitive to 

measurement noise. This challenge can be 

addressed by using appropriate noise-filtering 

techniques or sensor fusion approaches. 

5. SIMULATION AND RESULTS 

This segment comprises a simulation that 

demonstrates the functionality and effectiveness of 

the suggested controller. Because the outcomes of the 

proposed method will be juxtaposed with those of 

reference [14], the following simulation parameters 

and attitude reference signals are selected: 

𝜎𝑑 = 0.5[sin (0.01𝑡), −cos (0.01𝑡), sin (0.01𝑡)]𝑇 

𝜎(0) = [0.7    0.5    − 0.3]𝑇 

𝜔(0) = [−0.001    0.001    − 0.001]𝑇rad/s 

𝐽 = [
3.06 1 0.4

1 3 1
0.4 1 3.95

] 

For the simulation conditions to be close to 

reality, the uncertainty term and external 

disturbances are considered thoroughly, and a 

random term is also considered for unmodeled 

factors as follows: 

𝑑(𝑡) = [

0.06 − 0.04sin (𝜔𝑜𝑡) + 0.05cos (𝜔𝑜𝑡)

0.07 + 0.05sin (𝜔𝑜𝑡) − 0.04cos (𝜔𝑜𝑡)

0.04 − 0.03sin (𝜔𝑜𝑡) + 0.03cos (𝜔𝑜𝑡)
] + 

                     0.25 × 𝑟𝑎𝑛𝑑(3,1)(𝑁 ⋅ 𝑚)   

Where  𝜔𝑜 = √𝜇𝑔/‖𝒓‖3 and 𝜇𝑔 = 3.986 × 1014(m3/s2). 

The simulation results of the proposed control 

approach are depicted in Fig. 1–7, which are 

compared to the results reported in reference [14]. 

The tracking performance is satisfactory, as 

illustrated in the figures, and the control method 

outlined in this research surpasses the approach 

described in reference [14] concerning both 

tracking and control input performance. Fig. 1  and 

Fig. 2 show the position-tracking performance of 

the proposed control system and the position-

tracking errors, and Fig. 3  and Fig. 4 show the 

velocity-tracking performance and the velocity-

tracking errors, respectively. According to the 

results, it is clear that the FONTSMC control 

method combined with FTDO has a better 

performance than other used methods. The 

important point that can be taken from the 

obtained results is that the use of FTDO reduces 

the tracking error and improves the performance 

of the system. Also, according to the results, it is 

clear that fractional order controllers have better 

accuracy and convergence speed than integer 

order controllers. 

 

Fig. 1. Attitude tracking performance. 

 

Fig. 2. Attitude tracking errors. 
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Figures 3  shows the results related to the time 

evolution of sliding surface functions and Fig. 4 

shows the results related to the control inputs. 

Considering that the sign function in the control 

inputs was replaced with the function considered in 

Remark 1, the obtained results show that the 

obtained control inputs do not have chattering. 

Also, according to the results, it is clear that the 

control inputs related to a controller that uses the 

disturbance observer have a smaller domain, which 

is due to the accurate estimation of uncertainties 

and external disturbances entering the system and 

using the estimated values in the function of control 

inputs. The coefficient of the sign function for the 

stability of the control system is chosen in such a 

way that its value is greater than the system 

uncertainty function, which in the case of not using 

a disturbance observer, usually a large value is 

chosen as a precaution, which causes an increase in 

chattering and the range of control signals. 

Therefore, the obtained results show the 

advantage of using disturbance observers in 

reducing the chattering phenomenon. The control 

inputs obtained in [14], although after reaching 

the stable state, have very small values, which 

are comparable in size to the control inputs 

obtained from the proposed control method, as 

can be seen in the obtained results, these signals 

have chattering that may damage the 

performance of the system drives in the long run. 

 

 

Fig. 3. Angular velocity tracking performance. 

 

Fig. 4. Angular velocity tracking errors. 

 

Fig. 5. Sliding surfaces. 

 

Fig. 6. Control inputs. 

Figures 7 shows the performance results of the 

finite time disturbance observer in estimating 

system velocities. According to the obtained results, 

it is clear that the used observer has been able to 

estimate the states related to the velocities of the 
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system with high accuracy and reach convergence 

after a finite time. 

 
Fig. 7. FTDO observer performance in state estimation. 

 

Fig. 8. FTDO observer performance in disturbance estimation. 

 

Fig. 9. FTDO observer’s disturbance estimation errors. 

Figures 8 and 9 show the performance of the 

designed disturbance observer in estimating the 

disturbance and uncertainty function and the 

estimation errors, respectively. As is clear from the 

figures, the observer has been able to estimate the 

external disturbances and uncertainty function with 

very high accuracy even in the presence of random 

noise. The steady-state error of the designed 

observer is of the order of 10−3, which is considered 

to be very high accuracy. As previously stated, being 

resistant to noise was one of the important features 

of high-order sliding mode observers, and its 

objective performance can be seen here. This 

accurate estimation performance in the controller 

structure improves the tracking accuracy and also 

makes the control signals smoother and eliminates 

the chattering phenomenon. 

6. CONCLUSIONS 

This paper proposes a finite-time stable, fast 

convergent, and chattering-free attitude control 

system that does not need angular velocity data. For 

building an attitude controller, we utilized fractional 

order NTSMC in conjunction with FTDO (TOSM 

observer). The simulation results demonstrate the 

efficacy of the suggested strategy for rigid 

spacecraft attitude control. The obtained results 

indicate a very positive effect of using the proposed 

observer in improving the quality of control input 

signals as well as improving the accuracy of 

controller tracking due to the use of fractional order 

derivatives. The proposed methods have been 

developed with practical satellite operations in mind 

and tested under realistic conditions. We are 

confident that with appropriate engineering 

adaptations, the performance demonstrated in 

simulations can be realized in domestic satellite 

design and projects. To further validate the practical 

applicability of the proposed methods, future work 

will involve hardware-in-the-loop (HIL) simulations 

and real-world testing using small satellite 

platforms. These tests will provide additional 

insights into the implementation challenges and 

fine-tuning required for real missions. 
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have been developed for collision avoidance in dynamic environments.
However, these methods are often limited to handling only a few
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complex, unstructured terrains. This paper proposes an adaptive
collision avoidance strategy using the velocity obstacle method, designed
to enable autonomous Mars rovers to safely navigate dynamic and
uncertain terrains while avoiding multiple obstacles simultaneously. The
strategy constructs an adaptive velocity cone, accounting for dynamic
obstacles and terrain features, ensuring continuous safety while guiding
the rover to its waypoint. We implement the strategy in simulated
Mars exploration scenarios that represent challenging multi-obstacle
tasks. The simulation results demonstrate that our approach enhances
performance by increasing safety distances, making it highly suitable for
autonomous planetary exploration, where collision avoidance is critical
for mission success.
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1. INTRODUCTION

Autonomous systems play a pivotal role in modern
applications, facilitating automation and efficient
operation in dynamic and uncertain environments. These
systems operate through loops that govern control and
decision-making processes. The inner loop focuses on
implementing a controller to ensure system stability and
achieve desired performance, while the outer loop is
dedicated to path planning and guidance algorithms that
determine feasible paths and direct the system effectively.

In recent years, control strategies for dynamic
systems operating in uncertain environments have evolved
significantly. These approaches, discussed in [1–
3], address challenges such as external disturbances,
modeling inaccuracies, and unknown conditions. In
Refs. [4, 5] adaptive control strategies for satellites are
developed. The controllability of dynamic systems under
various uncertainties has also been extensively studied [6].
A predictive controller is for spacecraft is introduced in
Ref. [7]. For outer-loop controllers, advancements have
been made in optimizing path planning and guidance to
enhance efficiency and robustness, as highlighted in [8,9].

Collision avoidance is a crucial aspect of autonomous
Mars Rover (MR) navigation, enabling safe exploration
of unstructured and challenging Martian terrains. It
minimizes the risk of damage to sensitive equipment
and scientific instruments, safeguards mission success,
optimizes energy consumption—a critical factor for
power-limited rovers—and ensures continuous data
collection, maximizing the scientific value of the
mission. While many studies have explored path-planning
methods [10, 11], integrating collision decision-making
and reactive obstacle avoidance in dynamic and uncertain
environments remains relatively underexplored.

High-speed ships present a parallel case, where
collision avoidance algorithms have been developed
to address dynamic movement and decision-making
challenges [12–14]. Insights from these maritime
systems have potential applications in MR navigation,
highlighting the interdisciplinary nature of the field and
the transferability of advancements across domains.

For planetary navigation, methodologies addressing
static and semi-dynamic obstacles have been developed
[15]. Traditional methods like artificial potential fields
(APFs) [16] and optimization-based techniques often
struggle in multi-obstacle scenarios. APF methods, for
instance, are susceptible to local minima traps and offer
limited solutions constrained by predefined cost functions.
Similarly, control barrier functions [17, 18] provide
theoretical safety guarantees but are computationally

intensive and difficult to implement for adaptive planetary
navigation.

Multi-vehicle collision avoidance strategies, as
demonstrated in [19–22], are typically tailored for
structured environments, limiting their applicability to
the unpredictable Martian landscape. Recent approaches,
such as model predictive control (MPC) [23] and
machine learning techniques [24], have shown promise
in generating efficient collision-free paths. However,
these methods rely heavily on computation and training
data, posing challenges for resource-constrained Mars
missions.

Reactive collision avoidance algorithms like constant
bias and constant angle methods [25] are widely used
in robotics and vehicle navigation but require precise
tuning of avoidance angles. Improper tuning can lead
to inefficiencies or unsafe maneuvers, making them less
suitable for dynamic, multi-obstacle scenarios.

The velocity obstacle (VO) algorithm, commonly
used in robotics, identifies unsafe velocities leading to
collisions. Variants of VO have been applied successfully
in underwater [26], aerial [27], and ground robotics
[28]. However, conventional VO methods struggle in
scenarios with multiple dynamic obstacles due to static
cone formulations. Dynamic changes in velocity cone
intersections during maneuvers can compromise safety
and efficiency.

To address these limitations, we propose an adaptive
velocity obstacle (AVO) algorithm combined with a
line-of-sight (LOS) guidance law for MR navigation.
The LOS guidance ensures the rover remains on course
toward its target waypoint, while the AVO algorithm
dynamically constructs adaptive velocity cones based on
nearby obstacle motions to ensure safety. The proposed
system seamlessly switches between target-reaching and
collision-avoidance modes, guided by risk assessments
involving metrics like the distance to the closest point
of approach (DCPA) and time to the closest point of
approach (TCPA).

Simulations validate the proposed method,
demonstrating its superior performance in handling
multi-obstacle scenario compared to existing VO
approaches. The remainder of the paper introduces
the MR dynamic model and reviews the conventional
VO algorithm. It then presents the main results and
analyzes the proposed method’s performance through
simulated scenarios, concluding with key findings and
future research directions.
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1. 1. Mars Rover Dynamics
We consider the dynamics of an MR as follows:

ẋ(t) = vr cos(ψ(t)),

ẏ(t) = vr sin(ψ(t)),

ψ̇(t) =−cψ(t)+ cτ(t),

(1)

where the states (x,y,ψ) ∈ R2 × S1 represent the
position and heading angle of the rover, and τ ∈ R is
the input steering command. The position of the rover
is denoted as pr(t) = [x(t),y(t)]⊤, ψ(t) represents the
heading angle, vr is the constant velocity, and c is a
system parameter. Let R denote the set of real numbers,
S1 represent the set of real numbers modulo 2π , and
| · | denote the Euclidean norm. The notation argmin is
used to identify the argument of the minimum value of a
function. For example, for x ∈ Ω, argmin

x
f (x) identifies

the points x where f (x) achieves its minimum value.
This dynamic model captures the motion of an MR

traversing challenging terrains at a constant velocity. The
rover’s behavior is modeled as a simplified system suitable
for analyzing collision avoidance and path-planning
strategies. Figure 1 illustrates an example of a Mars
exploration rover used in simulation studies.

Fig. 1. Illustration of a Mars Exploration Rover.

2. VELOCITY OBSTACLE (VO)
METHOD FOR COLLISION

AVOIDANCE

The velocity obstacle (VO) method identifies a set of
velocities that would lead to a future collision between
a MR and an obstacle. By ensuring the MR’s velocity
remains outside this set, it can effectively avoid collisions

[29]. While the obstacle can have any shape, for
simplicity, it is assumed to be circular with radius Ro.

The dynamics of a moving obstacle are defined as:

ẋm(t) = vo cos(ψm),

ẏm(t) = vo sin(ψm),

ψm = γ,

(2)

where (xm,ym,ψm) ∈ R2 × S1 represents the obstacle’s
position and heading, and γ is a constant heading angle.
The instantaneous position of the moving obstacle is given
by pm(t) = [xm(t),ym(t)]⊤, ψm is its constant heading
angle, and vo is its constant velocity.

The velocity cone, which geometrically represents the
collision region between the MR and a moving obstacle
with radius Ro, is illustrated in Figure 2. The edges of the
velocity cone are defined by the angles:

ψv = ψd ±β , (3)

where ψd is the desired heading angle towards the
waypoint, and β is the avoidance angle from the obstacle.
For a starboard maneuver, ψv =ψd +β , and for a port-side
maneuver, ψv = ψd −β .

Fig. 2. Velocity cone from the MR to the obstacle.

2. 1. DCPA and TCPA Calculations ( [13])
The Distance at Closest Point of Approach (DCPA) is

the minimum distance between the MR and the obstacle
at their Closest Point of Approach (CPA). The Time to
Closest Point of Approach (TCPA) is the time taken for
either the MR or the obstacle to reach this CPA, where
they are at their minimum distance from each other.

Mathematically, the DCPA and TCPA are given as:

DCPA = ∥D∥sin(φ), (4)

TCPA =
v⊤r D

∥vr∥2|cos(φ)|
, (5)

where:

• φ = cos−1
(

v⊤r D
∥vr∥∥D∥

)
,
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• vr = [ẋ− ẋm, ẏ− ẏm]
⊤ is the relative velocity,

• D = [x− xm,y− ym]
⊤ is the relative position vector.

3. ADAPTIVE VELOCITY
OBSTACLE AVOIDANCE

The Adaptive Velocity Obstacle (AVO) collision
avoidance method is integrated with the Line of Sight
(LOS) based goal-reaching guidance law. Consequently,
the control system for the MR operates in two modes: 1)
Target Reaching Mode and 2) Collision Avoidance Mode.
The transitions between these modes are determined by
decision-making processes based on risk assessment, as
discussed in Section 3. 3. We assume that a sequence of
waypoints is provided by the mission planner.

3. 1. Target Reaching Mode
In this subsection, the guidance law for waypoint

reaching is described.

Target Reaching Guidance Law

To reach the waypoint pt := (xt ,yt), we define the desired
guidance law (heading angle) for equation (3) as:

ψd(t) = atan2((yt − y),(xt − x)) . (6)

We define the heading track error as e(t) = ψ(t)−ψd(t).
Thus, the error dynamics become:

ė(t) =−cψ(t)+ cτ(t)− ψ̇d(t). (7)

We propose the control law:

τ(t) =
1
c

ψ̇d(t)+ψd(t), (8)

to ensure the asymptotic stability of the heading track
error dynamics (7).

3. 2. Obstacle Avoidance Mode
In this mode, the MR avoids multiple dynamic obstacles

as follows.
We consider M dynamic obstacles, where the i-th obstacle
is represented by the obstacle dynamics in equation (2),
with subscripts such as (xmi,ymi,ψmi, pmi) for i= 1, . . . , M.
The minimum allowable distance around the obstacle pmi

is denoted as Cs, representing the smallest acceptable
bound on the DCPA.

We observe that there always exists a change of
variables that aligns the waypoint LOS with the x-axis.
We now define a criterion for constructing a circle C(t),

shown in Figure 3, as follows. Initially, we assume that
the circle C(t) with radius R(t) encompasses all dynamic
obstacles.

(1) Compute dmi(t) = ∥ps(t) − pmi(t)∥. If dmi(t) <
dsa f e =Cs, the i-th obstacle pmi(t) is inside C(t);

(2) Compute dmi j(t) = ∥pmi(t) − pm j(t)∥, i ̸= j. If
dmi j(t) ≤ 2dsa f e, the j-th obstacle pm j(t) is inside
C(t);

(3) Calculate (TCPAk,CPAk) according to equation (4)
for all k = 1, . . . ,M. If ∥ps(t)−CPAk∥ < dsa f e, the
k-th obstacle pmk(t) is inside C(t);

(4) If the minimum k exists such that ∥ps(t) −
CPAk∥ is minimized at (CPAd ,TCPAd), compute
the new future position of the k-th obstacle pmkl :
(xmk(TCPAd),ymk(TCPAd)) at TCPAd . If ∥ps(t)−
pmkl∥ < dsa f e, then the l-th obstacle pml(t) is inside
C(t).

After these steps, if there are Q obstacles inside the circle
C(t), the radius R(t) is given by:

R(t) = max{W (t),H(t)},

where H(t) = max{|ymq(t)|} + Cs, and W (t) =
max{|xmq(t) − xmc(t)|} + Cs, with q = 1, . . . ,Q, and
pmc(t) : (xmc(t),ymc(t)) is the CPAd of the q-th obstacle
at which arg min

k=1,...,M
∥ps(t)−CPAq∥ exists.

In Figure 3, we consider Q = 3, and obstacle 3’s
CPA, pm3c(t), has the minimum distance to the MR
ps(t). Therefore, pm3c(t) : (xm3c(t),ym3c(t)) is CPAd ,
with H(t) = |ym2(t)|+Cs, W (t) = |xm1(t)− xm3c(t)|+Cs,
and ds(t) = ∥ps(t)− pm3c(t)∥ being the distance between
pm3c(t) and the MR ps(t). The radius of the circle is
R(t) = max{W (t),H(t)}.

Fig. 3. Illustration of the adaptive velocity cone with multiple
obstacles present.

Once the construction of circle C(t) is complete, the
desired heading angle to avoid multiple obstacles is
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calculated from the edges of the circle as follows.

Obstacle Avoidance Guidance Law
To avoid multiple dynamic obstacles, the desired guidance
law (heading angle) for equation (3) is defined as:

ψdc(t) = atan2((yt − y),(xt − x))± atan2(R(t),ds(t)) .
(9)

We define the heading track error as e(t) = ψ(t)−ψdc(t).
Thus, the error dynamics become:

ė(t) =−cψ(t)+ cτ(t)− ψ̇dc(t). (10)

We propose the control law:

τ(t) =
1
c

ψ̇dc(t)+ψdc(t),

to ensure the asymptotic stability of the heading track
error dynamics (10).

3. 3. Decision Making Based on Risk
Assessment

The control switches from target-reaching mode to
obstacle avoidance mode if both of the following
conditions are satisfied:

1. The waypoint LOS intersects with the adaptive
velocity cone, causing the obstruction flag to be raised
to one.

2. The risk index (RI) flag is one. The flag of the risk
index (RIFlag) is determined as:

RIFlag =

{
0, if RI <Ct,

1, if RI ≥Ct.
(11)

where the risk index RI for DCPA, TCPA, and
obstacle distance ∥D∥ is defined as:

RI =
1
3
(F(DCPA)+F(TCPA)+F(∥D∥)) , (12)

with Ct being the threshold value of the risk index,
and F(·) as defined in equation (13).

F(ζ ) =



1, ζ ∈ [0,d1],

1−2
(

ζ−d1
d2−d1

)2
, ζ ∈ (d1,

d1+d2
2 ],

2
(

ζ−d2
d2−d1

)2
, ζ ∈ ( d1+d2

2 ,d2],

0, ζ ∈ (d2,∞).

(13)

where ζ represents DCPA, TCPA, or obstacle
distance (∥D∥), and d1, d2 are tuning parameters for
these metrics.

We define an additional flag called the “collision
avoidance flag” (CFlag). If the vehicle reaches the
target, the mode switches to target-reaching mode and
the collision avoidance mode is temporarily halted. We
describe the switching logic as follows:

CFlag =

{
0, if no collision is detected,
1, if collision is detected.

(14)

4. RESULTS AND DISCUSSION

In this section, we provide an overview of the
simulation outcomes resulting from the implementation of
the proposed algorithm in complex scenarios.

For the scenario, the MR begins at the coordinates
ps(0) = [0,0]⊤, with an initial heading angle of zero
degrees (ψ(0) = 0◦) and a velocity vs = 0.16 kilometers
per hour. The designated waypoint is located at pt =
(50,0) meter (m), and the velocity of all three dynamic
obstacles is vo = 0.1 kilometers per hour. The risk
assessment parameters are set as follows: Ct = 0.35
, DCPA ∈ [10,25] meter, TCPA ∈ [2,4] minutes, and
obstacle distance ∥D∥ ∈ [10,25] m.

Fig. 4. Path of the MR and three dynamic obstacles.

4. 1. Discussion
Figure 4 illustrates the MR’s trajectory for a specific

scenario, using the proposed AVO algorithms. The results
show that the MR successfully reaches the waypoint.
Figure 5 provides the distances between the MR and
obstacles using AVO methods. It is evident that the AVO
algorithm successfully navigates the MR to the waypoint
while avoiding all three obstacles.

Finally, Figure 6 shows the MR’s heading angle and
the corresponding control commands. These results
demonstrate the effectiveness of the proposed algorithm
in space vechicels collision avoidance.
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Fig. 5. Obstacles’ distance.

Fig. 6. MR heading angle and control command.

5. CONCLUSION

In this paper, we presented an adaptive velocity obstacle
algorithm combined with a LOS guidance law for safe
multi-vessel encounters while reaching a waypoint. We
constructed an adaptive velocity cone from the MR to the
unsafe set (circle) of multiple dynamic obstacles, utilizing
the time to closest point of approach (TCPA) and distance
to closest point of approach (DCPA) of each obstacle
relative to the Mars rover. Future research will focus on
extending the algorithm to account for MR and obstacle
dynamics under disturbances and uncertainties, as well
as formally characterizing the conditions under which the
proposed method can be considered probabilistically safe.
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